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Abstract 

We construct new type II ancient compact solutions to the Yamabe flow. Our solutions are rota- 
tionally symmetric and converge, as t — > — oo, to a tower of two spheres. Their curvature operator 
changes sign. We allow two time-dependent parameters in our ansatz. We use perturbation theory, via 
fixed point arguments, based on sharp estimates on ancient solutions of the approximated linear equa- 
tion and careful estimation of the error terms which allow us to make the right choice of parameters. 
Our technique may be viewed as a parabolic analogue of gluing two exact solutions to the rescaled 
equation, that is the spheres, with narrow cylindrical necks to obtain a new ancient solution to the 
Yamabe flow. The techniques in this article may be generalized to the gluing of n spheres. 



1 Introduction 

4 

Let (M, go) be a compact manifold without boundary of dimension n > 3. If g = v n ~ 2 go is a metric 
conformal to go, the scalar curvature R of g is given in terms of the scalar curvature Ro of go by 

rt-j-2 

R = v~~^ ( — c n A go v + R v) 

where A go denotes the Laplace Beltrami operator with respect to go and c n = 4(n — l)/(n — 2). 
In 1989 R. Hamilton introduced the Yamabe flow 

,1.1, 

as an approach to solve the Yamabe problem on manifolds of positive conformal Yamabe invariant. It 
is the negative Z/ 2 -gradient flow of the total scalar curvature, restricted to a given conformal class. The 
flow may be interpreted as deforming a Riemannian metric to a conformal metric of constant scalar 
curvature, when this flow converges. 

Hamilton [8] showed the existence of the normalized Yamabe flow (which is the re-parametrization 
of (1.1) to keep the volume fixed) for all time; moreover, in the case when the scalar curvature of the 
initial metric is negative, he showed the exponential convergence of the flow to a metric of constant 
scalar curvature. 

Since then, there has been a number of works on the convergence of the Yamabe flow on a compact 
manifold to a metric of constant scalar curvature. Chow [3] showed the convergence of the flow, under 
the conditions that the initial metric is locally conformally flat and of positive Ricci curvature. The 
convergence of the flow for any locally conformally flat initially metric was shown by Ye [19]. 

More recently, Schwetlick and Struwe [17] obtained the convergence of the Yamabe flow on a general 
compact manifold under a suitable Kazdan- Warner type of condition that rules out the formation of 
bubbles and that is verified (via the positive mass Theorem) in dimensions 3 < n < 5. The convergence 
result, in its full generality, was established by Brendle [1] and [2] (up to a technical assumption, in 
dimensions n > 6, on the rate of vanishing of Weyl tensor at the points at which it vanishes): starting 
with any smooth metric on a compact manifold, the normalized Yamabe flow converges to a metric of 
constant scalar curvature. 
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In the special case where the background manifold Mo is the sphere S n and go is the standard 
spherical metric g s „, the Yamabe flow evolving a metric g — v- 2 (•, t) g sn takes (after rescaling in 
time by a constant) the form of the fast diffusion equation 

(v*=*)t = A S nV-C„V, c n = -A— — i. (1.2) 

Starting with any smooth metric go on S"\ it follows by the results in [3], [19] and [6] that the solution 
of (1.2) with initial data 30 will become singular at some finite time t < T and v becomes spherical at 
time T, which means that after a normalization, the normalized flow converges to the spherical metric. 

In addition, v becomes extinct at T. 

4 

A metric g = v™- 2 g sn may also be expressed as a metric on R" via stereographic projection. It 

4 

follows that if g = v ™- 2 (•, i) g RTl (where g mn denotes the standard metric on R ) evolves by the Yamabe 
flow (1.1), then v satisfies (after a rescaling in time) the fast diffusion equation on R" 

(v p )t=Av, p:=^|. (1.3) 

4 _ 
Observe that if g — v™- 2 (-,t) g u „ represents a smooth solution when lifted on S n , then v(-,t) satisfies 

the growth condition 

v(y,t) = 0(\y\- (n - 2) ), as |y| ^ cx,. 

Definition 1.1. The solution g = v(-, t) go to (1.1) is called ancient if it exists for all time t £ (—00, T), 
where T < 00. We will say that the ancient solution g is of type I, if it satisfies 

limsup(|t| maxjRm| (•,£)) < 00, 
t— >— 00 M o 

(where Rm is the Riemannian curvature of metric g = v(-,t)go and can be expressed in terms of v and 
its first and second derivatives). An ancient solution which is not of type I, will be called of type II. 

Explicit examples of ancient solutions to the Yamabe flow on 5* n are: 

Contracting spheres: They are special solutions v of (1.2) which depend only on time t and satisfy 
the ODE 

dv™- 2 



They are given by 

" ff(p,t)= (^2 CBtr " t) ) 4 ■ (L4) 
and represent a sequence of round spheres shrinking to a point at time t — T. They are shrinking 
solitons and type I ancient solutions. 

King solutions: They were discovered by J.R. King [10]. They can be expressed on R" in closed 
from, namely g = vic(-,t) g pn , where vk is the radial function 

-^^(iT^)"' (L5) 

and the coefficients A(t) and B(t) satisfy a certain system of ODEs. The King solutions are not solitons 
and may be visualized, as t — > — 00, as two Barenblatt self-similar solutions "glued" together to form 
a compact solution to the Yamabe flow. They are type I ancient solutions. 

Let us make the analogy with the Ricci flow on S 2 . The two explicit compact ancient solutions to 
the two dimensional Ricci flow are the contracting spheres and the King-Rosenau solutions [10], [11], 
[15]. The latter ones are the analogues of the King solution (1.5) to the Yamabe flow. The difference is 
that the King-Rosenau solutions are type II ancient solutions to the Ricci flow while the King solution 
above is of type I. 
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It has been showed by Daskalopoulos, Hamilton and Sesum [4] that the spheres and the King- 
Rosenau solutions are the only compact ancient solutions to the two dimensional Ricci flow. The 
natural question to raise is whether the analogous statement holds true for the Yamabe flow, that is, 
whether the contracting spheres and the King solution are the only compact ancient solutions to the 
Yamabe flow. This occurs not to be the case as the following discussion shows. 

In this article we will construct ancient radially symmetric solutions of the Yamabe flow (1.2) on S n 
other than the contracting spheres (1.4) and the King solutions (1.5). Our new solutions, as t — > — oo, 
may be visualized as two spheres joint by a short neck. Their curvature operator changes sign and 
they are type II ancient solutions. 

Remark 1.1. Our construction can be generalized to give ancient solutions which, as t — > -co, may be 
visualized as a tower of n spheres joint by short necks. We refer to them as moving towers of bubbles. 

Before we present the ansatz of our construction we will perform a change of variables switching to 
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cylindrical coordinates. Let g = v ™- 2 (•, t) g Rn be a radially symmetric solution of (1.3) which becomes 
extinct at time T, namely v = v(r, t) is a radial function on R n that vanishes at T. One may introduce 
the cylindrical change of variables 

u(x,t) = (T - i) _ F=Tr?=T v(r,t), r = e x , t = T(l - e~ T ). 

In this language equation (1.3) becomes 

(u') T =u xx +au'-l3u, p = j— i -, a= - = — - — . (1.6) 

4 p — 1 4 

From now on we will denote the time r by t. By suitable scaling we can make the two constants a 
and p in (1.6) equal to 1, so that from now on we will consider the equation 

(u p ) t = u xx + u p - u. (1.7) 

The steady states of equation (1.7), namely the solutions w of the equation 

w xx + w p - w = 0, ™(±oo) = (1.8) 

are given in closed form 

W(Z)= ( l + A^« ) 2 =( 2fc " sech (7* + logA))^ (1.9) 



with 



7 = — — — and k n = 



n-2 \n-2 / 
It is known that w(x) is the only even, positive solution of (1.8), given in cylindrical coordinates, after 
stereographic projection, geometrically representing the conformal metric for a sphere. Observe that 

w(x) = 0(e~ N ), as \x\^oo. (1.10) 



We will construct new evolving ancient compact metrics which look, for t close to — oo, like two 
spheres glued by a narrow neck. We choose our ansatz for an ancient solution u(x,t) of (1.7) to be of 
the form 

u( X ,t) = (l + T](t))z(x,t)+tp(x,t) (1.11) 

with 

z(x,t) = w{x + £(t)) + w(x - f (t)) (1.12) 
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for suitable parameter functions T](t),£(t). The perturbation function ip(x,t) will converge to zero, as 
t — ^ — co, in a suitable norm that will be defined below. More precisely, 



£(*) = &(*) + /»(*) 

for a suitable parameter function h(t). Both parameter functions h(t) and rj(t) will decay in \t\, as 
t — > — oo. Let 

&(t) := | log(26 1*|) 

be a solution to 

e + 6e- 2? = 0, with b := J ° - , 

p J R Tii'^wP -1 da; 

which is the homogeneous part of the non-homogeneous equation (5.8). As we will explain below, 
equation (5.8) is derived as a consequence of adjusting parameters h(t) and r/(t) so that our solution 
ip satisfies orthogonality conditions (3.5) and (3.6). 

The main result in this article states as follows. 

Theorem 1.1. Let p := (n + 2)/(n — 2) with n > 3. There exists a constant to = to(n) and a 
radially symmetric solution u(x,t) to (1.7) defined on R x (-co, to], of the form (1. 11)-(1. 12), where 
the functions if) := ip(x,t), £ := |log(26|t|) + h(t), with b > 0, and r\ := n(t) tend to zero in the 
appropriate norms, as t — > oo. Moreover, u defines a radially symmetric ancient solution to the 
Yamabe flow (1.1) on S n which is of type II (in the sense of Definition 1.1) and its Ricci curvature 
changes its sign. 

Theorem 1.1 shows that the classification of ancient solutions to the compact Yamabe flow on 
S n poses a rather difficult, even maybe impossible task. On the other hand, it gives a new way 
of constructing ancient solutions. It shows how one may glue two ancient solutions of a parabolic 
equation, in our case of equation (1.7), to construct a new ancient solution to the same equation. This 
parabolic gluing becomes more and more apparent as t — > — co, since as t — > +oo it is known that our 
conformal factor approaches the one of the standard sphere. 

Gluing techniques relying on linearization and perturbation theory have been used in many elliptic 
settings, such as gluing the manifolds of constant scalar curvature to produce another manifold of 
constant scalar curvature ([12], [13], [16]), gluing two constant mean curvature surfaces to produce 
another constant mean curvature surface ([9]). Gluing techniques have been used to construct new 
solutions to elliptic semilinear equations in [5] and [7]. Embedded self similar solutions of the mean 
curvature flow have been constructed in [14] by using gluing techniques. We use such techniques here 
in the parabolic setting as well. We hope our way of constructing new ancient solutions to the Yamabe 
flow could be adopted to other geometric flows as well. 

We will next indicate the main steps in proving Theorem 1.1. 

• We first define the Banach space, which our ancient solution u to (1.7) belongs to and its as- 
sociated norm. We also specify the spaces for our parameter functions rj(t) and h(t) and their 
associated norms. 

• Using the ansatz (1.11)-(1.12) for our solution u, we show that the perturbation term ip is a 
solution to the equation 

pz^dttp = - i> +pz p ~V + P z p - 1 E(tP) (1.13) 

where E(ip) denotes our error term and z is given by (1.12). It is well known that w and w' are 
the eigenvectors of the approximating linear operator 

Lolp := — r (ipxx —tl>+ pW P ^ 1 l()) 

pw p ~ L 

corresponding to the eigenvalues A_i < 0, Ao = of this operator, respectively. It is also well 
known that all the other eigenvalues of Lq are positive. 
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• In the first part of the article we study the linear problem 

pz p ^ 1 d t ^ = ipxx - il> + pz p ~ 1 ip + pz v ~ x f. (1-14) 

Assuming certain orthogonality conditions on / with respect to the eigenvectors w and w' of 
Lo, we establish the existence of an ancient solution to the linear problem (1.14), satisfying the 
appropriate energy and L 2 estimates. The latter means that we can bound the weighted L 2 -norm 
of a solution in terms of the weighted L 2 -norm of the right hand side /. We also establish certain 
weighted W 2 '" estimates for solutions to (1.14). It follows that the solution ip belongs to the 
Banach space which is the intersection of these L 2 and weighted W 2,<J spaces. 
We denote by T the linear operator between our defined Banach spaces, so that T(f) is the 
solution to the linear problem (1.14) satisfying the appropriate orthogonality conditions. 

• In the second part of the article we study the nonlinear equation (1.13). We apply our linear 
theory to the nonlinear equation to establish the existence of a solution rj) to (1.13), by solving 
the equation T(E{i[>)) — tp. We first show that we can achieve this, assuming that E(i/j) satisfies 
our orthogonality assumptions with respect to w and w' . The main tool in this proof is the fixed 
point Theorem and subtle estimates of the error terms in our norms. 

• In the final part of our proof we show how to adjust the parameters r\{t) and h(t) so that the error 
term E(ijj) in (1.13) indeed satisfies our orthogonality conditions. We see that this is equivalent to 
solving a certain nonlinear system of ODEs for r](t), h(t). We establish the existence of solutions 
to this system by the fixed point Theorem and subtle estimates. 

2 The ansatz of the problem 

Following the discussion in the Introduction we look for an ancient solution u to the equation (1.7). 
Since the long time existence for the Yamabe flow is well understood, it will be sufficient to construct 
a solution u which is defined on R x (— oo,to] with to sufficiently close to — oo. Hence, from now on we 
will restrict our attention to equation 

(u p ) t = u xx - u + u p , (x,t) G R x (-co, t ] (2.1) 

with exponent p = 2i±2 > 1. 

2.1 The set up of our construction 

We seek for a solution of (1.7) which is of the form 

u(x, t) = (1 + v{t)) z(x, t) + ip(x, t) 
for a suitable parameter function r/(t), where 

2 2 
3=1 3=1 

and ip(x,t) — > as t — > -co in a certain sense. We recall that w(x) is given by (1.9) and solves the 
equation (1.8). The functions £j{t) are given by 

£i(t) = -£(*) and &(t)=£(t) 

where 

m = to(t) + h(t), £„(*):= | log(2b |t|) (2.2) 

for a suitable parameter function h(t) and a suitable constant b > 0. Both parameter functions h(t) 
and j)(t) will decay in \t\, as \t\ — > oo and will be chosen in section 5. 
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Set 

wi :=w(x-£(t)), w 2 := w(x + f(t)) (2.3) 

and 

z(x, t) =w'(x- £(t)) - w'(x + i(t)) = d x wi - d x w 2 (2.4) 

Also set 

z{x,t) := (l + r)(t))z(x,t). 

We notice that z(-,t) is an even function of x and we impose the condition that ?/>(■,£) is an even 
function of x as well. Equation (1.7) then becomes 

d t (z + <p) p = {dU - v + dl~ z - 5) + (5 + ipy. 

Using that d^.Wj — u>j = — w P we obtain the equation 

2 
3=1 

which can be re-written as 

pz^ 1 dti> = d xx i> - V + pz"" 1 V - 2 P_1 C(^, t) + z"- 1 E{4,) (2.5) 

where C(ip,t) is a correction term that will be chosen in (3.10). 
The error term E(ip) is given by 

E(ip) := z x ~ v M + C{if>, t) + z 1 -? [ (1 - d t )N(i>) - pip dtz"- 1 ] (2.6) 

S, y 

where 

M := ~z p - [ (1 + V (t)) [w p (x + €(t)) + ™ p (s - £(t))] ] - <9 t 2 p (2.7) 
is the error term that is independent of ip, and 

N(i/)) := (z + i{j) p - z p -pz^xP + pi> (z"- 1 - z?- 1 ). (2.8) 

Our goal is to construct an ancient solution ip of the above equation (2.5) with the aid of the linear 
theory for equation (2.5) that will developed in section 3. The solution ip will be an even function in 
x and it will satisfy the orthogonality conditions 

/oo 
ip(x- £{t),t)w'(x)w p ~ 1 dx = 0, a.e. t < t (2.9) 
-OO 

and 

/oo 
ip(x - f(t),t) w(x) w p ~ 1 dx = 0, a.e. t<t . (2.10) 
-oo 

The correction term C(ip, t) in equation (2.5) will be chosen in section 3, in such a way so that the 
orthogonality conditions (2.9)-(2.10) for ip are being preserved by the equation (2.5), given that E(ip) 
satisfies the same conditions. 

However, because in general the error term E(ip) may not satisfy the orthogonality conditions (2.9)- 
(2.10), we will first consider the auxiliary equation 

pz p ~ Y dtip = dxxip — ip + pz p ~ x ip — z p ~ 1 C(ip,t) 

+ z p - 1 [E(4,)-(c 1 (t)z + c 2 (t) z)} 

where Ci(i) and oz{t) are chosen so that 
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Ety) := £(</>) - (d(t) z + ca(t) z) (2.12) 
satisfies the orthogonality conditions (2.9)-(2.10), given that ip satisfies them. 

In section 5 we will choose the parameter functions h and n so that ci(t) = and Ci{t) = 0. The 
parameter functions h and n will decay in t, as t — > — oo, in certain norms that will be defined in 
Definition 2.7. 



2.2 Norms 

We will next introduce all the norms that will be used throughout the article. We will also fix the 
values of the various parameters. For a number r < to — 1 we set A r =lx [r, r + 1]. 

We first define the appropriate L 2 , H 1 and H 2 norms. 
Definition 2.1. [Local in time weighted L 2 , H 1 and H 2 norms] Define 

\m-,r)\\ L 2 = (/ w-.tjiv- 1 ^* 



and 
and 



\M\l H a t ) = (JJ a \i>\ z P dxdt)* 1 
p-i 

I^IIh1(a t ) = ImL^A-o + \\z i>x\\i?{Ar) 



\W\ H *(A T ) = \\Ml^(A t ) + \\z (P L) (^-V0IU*(A r ) + ll* " 2 ^4lHA t ) + \W\hHA t )- 

Definition 2.2. [Global in time weighted L 2 , H 1 and H 2 norms] For a given number u £ [0, 1) we 
define 



and 



and 



\h = su p M'IV'IIl^a,) 

*0 T<t -1 



\lp\\" H l = Sup iTniVllffl(AT) 

'0 T<t -1 



W\h? = SU P \ t \"\W\hHa t )- 

*0 T<t -1 



Also, for any s < to — 1, we define 



and 



and 



W\h t = sup |rn|VIU2(A T ) 



\M\h\ = sup |t|"||V'||h1(a t ) 



w\h\ = su p kniV'iu^A^)' 



When v — Q we will omit the superscript v. 
Set 

M n-2 2 

For a given number <r > 2, we next give the definition of the weighted W 2,a norm and a will be chosen 
later in the text. To this end, we define the weight function a a (x,t) by 

a ^ t) = U 2 ^ {x ,t) if N <e(t) (2 - 13) 

where 9 is a small positive number which will be chosen sufficiently close to zero. 
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Remark 2.1. (a) We will see in the sequel that the weight function in the outer region \x\ > is 
such that the solution (f> of (1.14), or equivalently the solution u of the nonlinear problem corresponds to 
a smooth solution, when lifted up to the sphere. However, it is necessary to change the weight function 
q ct in the inner region \x\ < £(t) to incorporate the singularity, as t — s> — oo, of the solution u of our 
nonlinear problem in that region. 

(b) In the transition region x = ±£(i) + 0(1) the two weights are equivalent. 

Definition 2.3 (Local in time weighted W 2 ' a norms). For a > 2 define 

H\\«,A T = { fj IVf a« dxdt)' 

and 

||V'I|2,CT,A T = ||i/>*||ct,A t + HV'llo-.Ax + ||?Ae||<t,A t + ||^a;||<T,A T . 

Definition 2.4 (Global in time weighted W 2,a norms). For a fixed number v € [0, 1), o > 2 and A T 

as above, we define 

11^11^0= SU P kriMkAr 

T<t -1 

and 

11^112,^*0= sup \r\ v ||V'||2, CT ,A T - 
T<t -l 

We will next define a weighted L°° norm and our global norm. 

Definition 2.5 (Weighted L°° norm). For a given v £ [0, 1], we define the norm 

||V||i~ := sup |-rniV>(- ; i")IU~(R) 
t<t 

and the weighted L°° norm as 

We finally define the global norm for the perturbation term ip. 

Definition 2.6 (Global norm). For v £ [0, 1) and a > 2 we define the norms 

: =HVCi + l|VC,to 

and 

||V'll*,2,er,* — \\i>\\ V H } + WE,<r,t + ||V>l|rc,t - 

Also, for any t < to, we denote by 

\\lp\\*,a,Ar ■= |ML*(A T ) + IIV'IU.A^- 

We will next define the norms for the parameters 77(f) and h(t). They are more or less determined by 
the choice of the global norm for ip. 

Definition 2.7 (Weighted in time norms). For fi 6 [0, 1) and > 2, and for any functions rj and h 
defined on (—00, to], we define the norms 

NI£*o= sup | T r( f T+1 \ V (t)\" dt)i , |h||^* = sup(|rnr?(r)|), 

IWIli, CT ,i : = IMI£>,t + \\V\\£,t , 

and 

\\h\\^:= \\h\\^ + \\h\\l%. 
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2.3 Outline of our construction 



We will conclude this section by outlining the construction of the solution u. 

Definition 2.8. We define X to be the Banach space of all functions ip on R x (— oo,io] with 
||V'I|*,2,ct,k < oo which also satisfy the orthogonality conditions (2.9)-(2.10). 

We denote by T the linear operator which assigns to any given / with ||/||*, CT , to < oo the solution 
ip := T(f) of the linear auxiliary equation 

pz p ~ 1 d t ip = d xx ip — ip + pz p ~ 1 ip — z v ~ x C{ip, t) + z p ~ 1 f, 

with orthogonality conditions (2.9)-(2.10) being satisfied by / and ip and with C(ip,t) given by (3.10). 
The construction of such function ip will be given in section 3. 

Going back to the nonlinear problem, function ip is a solution of (2.11) iff ip € X solves the fixed 
point problem 

ip = A(tp) (2.14) 

where 

A{xP) :=T{E{iP)) 

and E(ip) is as in (2.12). 

Outline: Given any parameter functions (h,n) with ||/i>||i' .~t^' < oo and H^H^to < oo we will establish, 
in section 4, the existence of a solution ip := ^(h,rf) of the fixed point problem (2.14). In the last 
section 5 we will choose the parameter functions h and n so that C\(t) = and C2(i) = 0. We will 
conclude that the solution ip of (2.14) which is equivalent to (2.11) is actually a solution to (2.5). 
Hence, u := (1 + r{) z + ip will be the desired ancient solution to (1.7). 

2.4 Notation 

We summarize now the notation of parameters, functions and norms used throughout the article. 

Notation 2.1 (The choice of the parameters p,/3,a, v, fi,b and 9). i. For a given dimension n > 3, 
we recall that p := (n - 2)/(n + 2) and /3 := 2/(n - 2) = (p - l)/2. 

ii. In Theorem 1.1, we have a — n + 2. We choose v so that | < v < min-j^o, 1}, where vo ~ fo(n) is 
determined by the estimate of Lemma 4-1- We choose < n < min{2^— 1,7}, where 7 = 7(n) £ (0, 1) 
is determined by Lemma 5.1. The constant b = b(n) > is defined in (5.3). 

Hi. The constant 9 in (2.13) is a small positive constant as determined in the proof of Proposition 3.3. 
The above constants are all universal depending only on the dimension n. 

Notation 2.2 (The choice of functions), i. We denote by w(x) the solution to (1.8) given by (1.9). 
ii. The function £o{t) and the function £(t) (for a parameter function h(t)) are given in (2.2). 
Hi. The functions z(x,t) and wi(x, t), W2(x, t) are defined in (1.12) and (2.3) respectively. 

iv. Throughout the article, u(x,t) will denote an ancient solution of the nonlinear equation (1.7) of 
the form (1.11) defined on W l x (— 00, to], where to is a constant which will be chosen sufficiently close 
to —00. rj(t) is a parameter function defined on (—00, to]. The perturbation function ip(x,t) satisfies 
equation (2.5) where E(ip) is a non-linear error term give by (2.6) -(2.8). 

v. Only in section 3, ip{x,t) will denote a solution to equation (3.9), for a given f , where the correction 
term C(ip,t) is given by (3.10). Also, ip"(x,t) will denote a solution of equation (3.11). 

Notation 2.3 (The norms), i. For a given t < to, the norm \\ip(-, r) \\ L 2 is given in Definition 2.1. 
ii. For any r < to — 1 we set A T := 1 x [r, r + 1], For a given function ip(x,t) defined on A T , the 
norms \\iP\\l 2 (a t )> ||V'IIh 1 (a t ) an d IIV'IIh 1 (a t ) are given in Definition 2.1. 
Hi. The norms HV'llz, 2 > II^II'h 1 an( ^ IIV'llj^ are given in Definition 2.2. 

iv. The norms ||V , ||o-,a x; || ip\\?,o,A T are given in Definition 2.3, while the norms \\ipW^ t , \\1pW2 a t are 
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given in Definition 2.4- 

v. The weighted L°° norm \\^\\r,oo is given in Definition 2.5. 

vi. The global norms \\f\\X,2,a-,t i \\ w \\*,tT,t are given in Definition 2.6. 

vt. For given functions h(t) and rj(t), the norms \\h\\1' a .' i t fl and \\T)\\%- to are given in Definition 2.7. 

3 The Linear Equation 

Consider the linear equation 

pz p ~ x d t ip = d xx ip — tfi + pz p ~ 1 ip + z v ~ x g (3.1) 

denned on — oo < t < to- The coefficient z is given by 

z{x, t) = w(x - £(*)) + w(x + £ (t)), (3.2) 

where £(t) is given by (2.2) for a suitable function h G C 1 ((— oo, to]) and b > 0. Note that z(-,t) is 
even in x. We will also impose that g(-,t) is an even function in x and we shall seek for a solution 
ip{-, t) which is even in x. We will consider a class of functions g defined for (x,t) £ K x (-co, to] that 
decay both in x and t at suitable rates, and will build a solution ip that defines a linear operator of g 
which shares the same decay rates. 

Our goal is to establish the existence of the solution ip of (3.1) in appropriate L 2 and H 1 spaces, 
defined in Definition 2.2. We observe that in the region — oo < x < — and under the change of 
variables x := x + £(i) the operator in (3.1), namely 

Lip := (ipx* + pz p ~ 1 tp) 
can be approximated by the elliptic operator 

: = ~tzt(0s2 - (t> + pw p ~ 1 (j>), (3.3) 

with (f>(x,t) := %p(x,t), since z(x,t) = w(x) + w(x — 2£(t)) ~ w(x) in that region. Defining g(x,t) := 
g(x,t), the approximated parabolic equation takes the form 

pi« rl d t <t> = d xx (j) — (fix £ — 4> + pw p ~ 1 (f> + g (3.4) 

The region £(t) < x < +oo, under the change of variables x :— x — £(t) is treated similarly. 

We wish to construct an ancient solution ip of (3.1), such that the weighted L 2 norm of ip is 
controlled by the weighted L 2 norm of the right hand side g. In order to do that we use the well known 
spectrum of the approximated operator La defined above. Consider the eigenvalue problem 

L O 6 + \0 = O, 6eS, 

on the weighted space L 2 (w p ~ 1 dx). It is standard that this problem has an infinite sequence of simple 
eigenvalues 

A_i < Ao = < Ai < A 2 < ■ • ■ . 

with an associated orthonormal basis of L 2 (w p ~ 1 dx) constituted by eigenfunctions 8j, j = —1, 0, 1, . . ., 
where #_i is a suitable multiple of w and 6q of w' ■ Since we are seeking for a solution which is 
controlled by the weighted L 2 norm of its right hand side, we need to restrict ourselves to a subspace 
So C L 2 (w p ~ 1 dx) which constitutes of functions g(-,t) on R x (— oo,to] that are even in x and that 
also satisfy the orthogonality conditions 

g(x - £(t),t) w'(x)w p ~ 1 dx = 0, a.e. t < t (3.5) 
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and 

r oo 

g(x — £(t), t) w(x) w p ~ l dx = 0, a.e. t < to- (3-6) 



Notice that since g is an even function in x, then the orthogonality conditions (3.5) and (3.6) also 
imply the symmetric conditions 

/oo 

g(x + t(t),t)w'(x)w p ~ 1 dx = 0, a.e. t < t (3.7) 

and 

C oo 

g{x + £(t),t)w{x) dx = 0, a.e. t < t . (3.8) 



This easily follows by changing the variables of integration and using that w is an even function of x. 

We wish to establish the existence of an ancient solution of (3.1) on K x (— oo,to] which satisfies 
the estimate 

sup IrHWrJIU, <C\\g\\h ■ 

T<t '0 

Such a solution can be easily constructed for the approximated equation (3.4) if g £ So. Indeed one 
simply looks for a solution in the from 

oo 
3=1 

where (?j , j > 1 are the eigenfunctions, corresponding to the positive eigenvalues Xj , j > 1 mentioned 
above. However, this cannot be done for equation (3.1) as its coefficients depend on time and as a 
result the equation doesn't preserve the orthogonality conditions (3.5) and (3.6). In order to achieve 
our goal we need to consider the equation 

V z v ~ x dti> = d xx ip - + V z v ~ x V + z 1 " 1 [/-C(iM)], (3.9) 

where g := f — C(ip, t), for a suitable correction function C{ij), t) of the form 

C(ip,t) = di(ip,t)z(x,t) + d2(ip,t)z(x,t), (3.10) 

and where / 6 So- Recall that z(x,t) := w(x — £(t)) + w ( x + C(*)) an d that z is defined by (2.4). 

We will construct an ancient solution of (3.9) on M x (— oo, to], by considering first the solution i/) s 
of the initial value problem 

pz^dtV =^ xx -r+pz p - 1 r + z P ~ 1 (f-C(r,t)) onRx[Mo] 
ip s (-,0) =0 on R 

and then pass to the limit as s -> — oo. The existence of ?/> s will be shown in Lemma 3.1. 

The coefficients di(t) and d2(t) in (3.9) are defined so that ip B (-, t) £ So for all t £ [s, to], given that 
f € So. We will next determine the coefficients di and di. To this end, it is more convenient to work 
with the function 

4> s {x, t) : =V s (z -£(*),*)■ 

To simplify notation we omit for the moment the superscript s and set <f> = (fi s and ip = ip s . A direct 
computation shows that if ip is a solution to (3.9), then the function (f> satisfies the equation 

pd t <j> = L 0( f> + E(<f>)+ (f-d 1 w-d 2 w). (3.12) 

Here we have used the following notation 

w(x,t) := z(x - £(t),t) = w(x) + w(x - 2£(t)) 
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and 

w := z(x - £(*)) = w'(x) - w'(x - 2£(t)) 
and f(x,t) := /(a; — f(i),i), while 2?(0) denotes the error term 

E(cf>) :=-£(t) ^ + {-^ 



We recall that Lq is given by (3.3). Also recall that 9i, i = —1,0 denote the eigenfunctions (which 
are the multiples of w, w') of operator Lq, corresponding to the eigenvalues A_i < and Ao = 0, 
respectively. We have assumed that / is orthogonal to 9%, i = — 1, 0, namely 



f(x)6i(x)vf~ l dx = 0. 

Since (/>(-, s) = (remember that <j> — (f> s for the moment), it follows from (3.12) that the solution <f> 
will remain orthogonal to the eigenfunctions 9i, i = — 1, 0, if and only if the coefficients di(t) and d 2 (t) 
satisfy the system of equations 

di{i)a{(t) + d,2(t)ai(t) = E i , i = -l,0 (3.13) 

where 

/OO pOO 
w(x, t) 9i(x)w p ~ 1 dx, a,2 it) = I w(x, t) 6i{x)w v ~ 1 dx. 
-oo J —OO 

and 

1> oo 

E i ■- E{<f)){x,t)9 i {x)w p ~ 1 dx, i = —1,0. 



Using that w(x,t) := w(x) + w(x — 2£(t)) and w(x,t) := w'(x) — w'(x — 2£(t)) together with the 
orthogonality 

/oo poo 
w(x)9o(x)w p ~ 1 dx — / w' (x)9-i(x)w p ~ dx = 0, 
- oo J — oo 



we conclude that 



/oo p oo 

w(x-2£(t))9 i (x)w p - 1 dx, ai(i) = e 2 - w'(x - 2£(t))9i(x) dx 
-oo J — oo 



where 

e 



/oo r oo 

dx > 0, e\ = cq / u/(:r) 2 t/J p_ dx > 0, e? = e^ 1 = 0. 
-oo J — oo 

It is easy to see that 

/oo r oo 

w(a; - 2£(t))0i(a:) ™ P_1 da: = OdC 1 ), / ~ 2£(t))0i(a;) u^ -1 da; = Od*!" 1 ) 

- oo J —oo 

as £ — > — oo. Hence, 

ar 1 (t) = er 1 + 0(|t|- 1 ), ^(t) = e ( 2 , + 0(|tr 1 ), a^Odtp 1 ), a^ 1 = 0(\t\~ 1 ). 
It follows that the determinant D of the coefficients of the system (3.13) satisfies 

n -10 0-1 -10, ^ n i 

D := a 1 a 2 — aia 2 = e 1 e 2 + U(\t\ ) > 0, as t — > — oo. 
Solving the system (3.13) gives 

di(t) = ag^S-^)-^)^) = egg- 1 ^) + 0(|trl) 

and 

= = e r lg0 w + 0( | t |-i). 
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Claim 3.1. We have 

nr + l \ 1/2 



(£ + \d 2 1+ 4)d?J <C-±= |(|| a {^^fw^dxdty + U\\ L ^^ ) y (3.14) 
Proof of Claim. It is easy to see that 

/ fT+l \ V2 r ,. T + 1 s 1/2 

fy {d\ + dl)dt\ <CU ((E- 1 ) 2 + (E ) 2 ) dt) +0(\r\- 1 ) (3.15) 

so it is enough to estimate the integrals j^ +1 (E 1 ) 2 dt, for i = { — 1, 0} and r < to- We will only discuss 
the computation for E°, as the computation for E^ 1 is identical. We have 



with 



x w'(x)w p - 1 dx+ / c(x,t)((f, xx -(f>)w'{x)dx = E^ + E^ 

- oo J —OO 



c(x,t) = —- = (-) -1. 



Clearly we have 

nr + l \ 1/2 / rT+ l rca \ 1/2 



/ /"T + l P OO \ 

= C ^ T+1 |C| 2 ( j°° 4> (w'(x)w p -% dxfdt^j 

/ pt+1 \ 1/2 



1/2 



(3.16) 



C 

< rr IMU°°(A T )- 



For the second term, we have 



r c(x, t) {<j> xx - 4>) w'{x) dx < 7(t)3 C r ^ dx) 2 (3.17) 

J— oo \" — oo / 

where 

/oo 
c 2 (a:,£) |«/(a;)| 2 ii; p_:L dx. 
-oo 

Recall that £ given by (2.2) satisfies £(i) = |log|i| + O(l), as t — > — oo. On x < t;(t) we have 
w < w < 2w, hence 

1 w 



It follows that 
We conclude that 

r«t) 



- < — < 1. 

2 - w ~ 



c 2 (x,t) = (l-Q^) 2 <C(p)(l-^) 2 



h : = I c z (x,t)\w'(x)\ 2 w p - 1 dx 

< c 



/ ( y ) 2 |w' (a;) l 2 ^- 1 dx<C f w(x-20 2 w P ~ 1 dx 

J-ov W{X,t) J_ ao 

<C\t\- 2 U e 2x e (p ~ 1)x dx + J e 2 *e- (p - 1)x dx] 



<C\t\- 2 (d + C2\tf-^) < C max{\t\~ 2 , 



13 



On x > £(£), using the bound c 2 < 1 and \w'(x)\ 2 < C \t\ 1 wc have 

poo poo 

I2 ■ = / c 2 (x, t)\w' (x)\ 2 w p ~ 1 dx < C / \w' (x)\ 2 w p ^ 1 dx 
Je(t) J((t) 



'ew ■>((*) 

w^dx < C\t\-\ 



Since p > 1, combining the above gives us the estimate 

I{t) = h+h<C\t\-\ 
Using the last estimate in (3.17) yields the bound 



Combining (3.16) and (3.18) gives us the bound 

nT+l \ 1/2 



\E a 2 (t)\<C^= (|~ dx 



+ lmU~(A T ) 



and the same bound holds for -E _1 (t). By (3.15) it follows that (3.14) holds. □ 
Using (3.14) we can easily estimate the L 2 (A T ) norm of the term 

C(tp,t) := di(t) z + d 2 (t) z 
by the H 2 (A T ) norm of function tp, as 

\\c(ip,t)\\mA r) < c-±= (M\ hH a t) + IMU~(a t) )- (3.19) 



The main result in this section is the following proposition. 

Proposition 3.1. For given numbers p > 1, b > and < /x < 1 and a given function £ := 
|log(26|t|) + h on (—00, to] mtt ll'ill]''^'^ < 1, consider the equation (3.9) coefficient z given by 
(3.2). Then, for any v G [0, 1], t/iere is a number to < 0, depending on /i, ^, 6 and p and such that for 
any even function f on R x (— 00, io] with ||/||^2 < 00, satisfying the orthogonality conditions (3.5) 
and (3.6) there exists an ancient solution tp of (3.9) on —00 < t < to also satisfying the orthogonality 
conditions (3.5) and (3.6), and for which 

rapMlVtoll^+MI^ <C ||/||% ■ (3.20) 

TTie constant C depends only on b, fj,, v and p. 

As we already discussed, the ancient solution tp will be constructed as the limit of the solutions tp" 
to (3.11), as s — > —00. The existence of the solutions tp" is given by the next Lemma. 

Lemma 3.1. Under the assumptions of Proposition 3.1, there exists a number to < depending on 
b,\i,v and p and a solution tp B of the initial value problem (3.11) also satisfying the orthogonality 
conditions (3.5) and (3.6). In addition, 

sup MlV/(r)|| L2 + ||Vl^ t <C\\f\\l 2 (3.21) 
where C depends only on b, v, /j, and p. 

Remark 3.1 (Dependence on function f). For the remaining of Section 3, we will fix b > 0, /x £ (0, 1) 
and function £ := ilog(26|t|) + h with ||/i||i' (J .^' < 1 an d we will only discuss the dependence of the 
various constants on s and to, while assuming that may also depend on b, [i and v . 

14 



3.1 A priori estimates 

We will establish in this section apriori L 2 and H 2 energy estimates for the solutions ip a of (3.11) that 
are independent on s. We begin by proving an energy estimate (independent of s) for solutions of the 
initial value problem 

ip a (-,s) = on R 

Energy estimates for solutions of equation (3.11) will easily follow by Lemma 3.2 and estimate (3.19). 

Lemma 3.2 (Energy H 2 and L°° estimate for equation (3.1)). Let ip a (x,t) be a solution of (3.22). 
Then, for any v £ [0, 1) there exists a uniform in s constant C so that for \to\ sufficiently large we have 

sup Ml^[U- (Ar) + |M|£ a <c(M|V +\\g\\h t )- (3.23) 

Proof. To simplify the notation, we will denote ip a by ip. In what follows we will perform various 
integration by parts in space without worrying about the boundary terms at infinity. This can be easily 
justified by considering approximating solutions ip R of the Dirichlet problem on expanding cylinders 
Qr := [-R, R] x [s,to], establish the a priori estimates on ip R , independent of both, s and R, and then 
pass to the limit of ip H as R — > oo (our solution ip a in Lemma 3.1 will be constructed that way). 
If we multiply the equation (3.1) by ip and integrate it over R, we obtain, 



i> 2 z p - 1 dx= / (ipip xx -ip 2 +p[l + (p-l)-]V 2 z v ~ X +gi>z p - 1 )dx. (3.24) 



p d 
2~dl 

If we integrate by parts the first term on the right hand side, use the bound \zt\/z < C |£| and apply 
Cauchy-Schwarz, we obtain 



p d 
2~dl 



/oo r co 

ip 2 (-,t)z p ~ 1 dx + (ipl + ip 2 ) dx 
-OO J — OO 

/ p OO f CO \ 

<C ( {ip 2 + g 2 ) z*' 1 dx + \i\ / if z'"- 1 dx\ . 

\J —oo J—oo / 

For any number r £ [s,to — 1], set rj(t) = t — t so that < rj(t) < 1 on [r, r + 1]. Then, for any 
t £ [t, r + 1] , we have 

± ( V (t) r ^(-^z^dx) + V (t) r <#l + il?)dx 



dt 



<C(I (<0* +g 2 )z p - 1 dx + \i\ / ^ 2 z v ~ X dx 



Integrating this inequality in time on [r, r + 1] while applying the Cauchy-Schwarz inequality to the 

/ . , \ 1/2 

last term and using that n(t) < 1 and [J T _ 1 |f| dt) < C/\t\, we obtain 

ii 2 (-,T + i)z p ~ 1 dx+ // n{t){i>l + i> 2 )dxdt 

-oo V V A T 

< C IIV>llx,2(A T ) + ||sllx,2(A T ) + 7-r sup (/ !/' 2 2 P_1 dx) 1/2 ||^|| L 2 (AT) 

\ l T l tS[r,r + l] J-oo 

If we now multiply (3.1) by ipt(x,t), integrate by parts over R, use the bound \zt\/z < C |£| and 
apply Cauchy-Schwartz to the last term, we obtain 



| J i> 2 t z p ldx + \~]~ t ( y j bl% + ^ ~ P*? 1 ^ 2 )dx^j 

/ r co r co \ 

<C ( (ip 2 +g 2 )z p - 1 dx+\i\ vV _1 ete] 

\J — oo J—oo / 



(3.26) 
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Multiplying the last inequality by the cut off function rj(t) introduced above, integrating in time and 
using (3.25), we obtain (similarly as above) the bound 



r?(i) ip 2 2 P_1 dx dt + / +1P 2 - pz p ~y )(•, r + 1) dx 



At 

/ pea 

< O IIV'llls^) + |M|!2 (At) + — SUP (/ I^Z^ 1 dx) 1/2 \\lP\\ L 2 {AT) 
\ \ T \ tG[r,T+l] J-oo 

Furthermore, (3.27), (3.25), the Sobolev embedding theorem in one dimension and the interpolation 
inequality, yield the L°° estimate 

/ raa \ 1/2 

U(.;T + l)\\ L °o {%) <CU (4: 2 x +ip 2 )(-,T + l)dx\ 

< C (\\i>\\ L HA^ + IIsIIl2(a t ) + ^H\\l°°(a t )J 

We next multiply the last inequality by \t + 1|", for any v > 0. Since s < t < to — 1, by choosing \to\ 
sufficiently large we obtain 

|T + ir||V>|Uoo (A T+1 ) <C{\\ip\\ v L 2 +\\g\\ v L 2 ) + ~ sup |t|"||^||z,~(A t )- 

s '*° s ' tQ 1 TE[s,t ] 

Since r + 1 < to is arbitrary, we obtain 

sup M"|W i - ( A T )<c(Wi; t + \\g\\h t ). 

Tg[ S ,t ] S ''° a -'° 

Since r £ [s,to — 1] is arbitrary, by choosing \to\ sufficiently large, we conclude 

sup |t|1VIU~(ao <C(W\h t +\\9\\h t )- (3.27) 

In addition, integrating (3.26) on [r, r + 1] and using the previous estimates yields the bound 

\\Mh t <C(II«3 +\\9\\h t )■ (3-28) 

s,t V s,t s,*0 

Finally, from (3.28), (3.27) and the equation (3.1) we obtain 

s,t s,t =,*0 

Combining the above estimates gives us the bound (3.23). 

□ 

We will proceed next to showing the same estimate as above for solutions of (3.11). 

Lemma 3.3 (Energy H 2 and L°° estimate for equation (3.11)). Let ip a (x, t) be a the solution to (3.11 ). 
Then there exists a to < so that for any v £ [0, 1) we have 

sup MltflU-^j + IMJU <C(]|VC* +11/11*. )■ (3-29) 
Proof. If we apply the estimate from Lemma 3.2, with g = / + C*(V>, t), we obtain 

sup b-nMUoo^) + H\\h* <c(H\\ v l> +\\cw,t)\\b t + )■ 

re[s,t ] Mo Mo a,t ° a '*° 

On the other hand, it follows from (3.19), that 

||C(tM)||V <-^W\h\ (3-30) 
and the desired estimate follows by choosing to so that —S= < 1/2. □ 
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Corollary 3.1. [Estimation of the error term] Under the assumptions of Lemma 3.1, there exist 
uniform constants to < and C > so that for any v 6 [0, 1), we have 

||C(lM)||V < +\\f\\h t )• (3-31) 

3,0 vl*o| * 

Proof. It readily follows from combining (3.30) and (3.29). □ 

We will next establish (3.21) as an a'priori estimate. 

Proposition 3.2. There exist uniform constants C < oo, to < 0, such that if \[ 3 (x,t) is a solution of 
(3.11) with s < to/2, which also satisfies the orthogonality conditions (3.5) and (3.6), then 

sup \r\ v \\r{;r)\\ L 2 <C||/|U . (3.32) 

re[s,t ] ,0 

It follows that (3.21) holds. 

Proof. We will first establish the estimate (3.32). We begin by observing that under the assumptions 
of the Proposition, it will be sufficient to establish the bound 

sup \\iP s {-,t)\\ L 2 < C sup \\f\\ L 2 {Ar) , (3.33) 

S<T<t S<T<t 

for all t such that s < t/2 < to/2, where we recall that A T = R x [r, r + 1]. Indeed, if (3.33) holds, 
then for any t satisfying s < t/2 < to/2, we have 

i*rii"0 s c- 3 *)iix,2 < ci*r su p n/iii2(A T ) < su p m'i/Hl2(a t ) 

S<T<t S<T<t 

< sup |Trn/IL3 C A.) = c|l/ll 

which readily shows that (3.32) holds. 

To establish the validity of (3.33) we argue by contradiction. If (3.33) doesn't hold, then there 
exist decreasing sequences tk — > —oo and < i^/2, Sk — > — oo and solutions ipk of equation 

P2 P_1 d t ipk = d xx ipk - i>k +pz p ~ 1 tpk + z P_1 [fk - C(ipk,t)] (3.34) 
denned on R x [s k ,i k ], so that 

sup \\ip k (-,r)\\ L 2 > k sup \\fk\\ L 2 (Ar) . (3.35) 

S k <T<t k S k <T<t k 

We may assume, without loss of generality, that 



sup / ip k (x,T)z p dx = 2 (3.36) 

s k <T< 1 i k J — oo 

otherwise we would perform the rescaling of the solutions for (3.36) to hold. Then, by (3.35), we have 

\\h\\ L 2 <£. (3.37) 
Because of (3.36), we can pick t k G [sfc,ifc] such that 

3 r°° 

- < / ^l(x,t k )z p - 1 dx<2. (3.38) 



2 

Also, passing to a subsequence if necessary, we may assume that t k is decreasing 
Claim 3.2. We have 

liminf (tk — s k ) = +oo. 

k~~ >oo 
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Proof of Claim. We will apply (3.23) with ip — ipk, g = gu '•= fk~ C(ipk,t) and for v = 0. To estimate 
the right hand side of (3.23), we use (3.31), (3.37) and (3.36) to obtain for all s^<t < tk the bound 

Hence, for all r € [sfc,ifc] we have 

r roo 



gi#-*datdt< (T-*fc)|| Sfc \\U <C {-= + -) "(T-fl fc ) (3.39) 

SkJ-cv *h y/\tk\ K 

Set q(t) = JJ J!!^ 2 z^ 1 dxdt. It follows from (3.23) and the ab ove discussion that a(r) satisfies 
the differential inequality 

"'(t) < C Q ( r ) + Mfc ( r - s fe) 
with fj, k = C ( + ^) 2 arl( i a ( s fc) = 0. Solving this differential inequality gives 

a(r) < § (e C( — > - [1 + C(t - »*)]) < g e c( — > 
which combined with (3.23) and (3.39) gives the bound 

V> 2 (-,r) /-'A^dfte^- 8 ' 1 , 

for all r £ [sk,ik], where Ci is a different, but still uniform constant. Hence 

i> 2 {; T )z p - 1 dx < 1 



as long as e c(T - ak) < l/(Ci/i fe ). Since S™ x 4> 2 {-,t k ) z v ^dx > 3/2, we must have 

e c(t k -s k) > 1/(c - 1/ifc) . 

Since linife^oo fi k = 0, this readily implies the claim. □ 
Set 

■ipk(x,t) = ipk(x,t + tk) and f k (x,t) = fk{x,t + t k ) 
and observe that each tf> k satisfies the equation 

pzl' 1 d t ^ k = d xx $k - i>k +pz' k ~ 1 i>h + zl^ 1 [fk - Ck{^k,t))] (3.40) 

on R x [sfe, 0], with Sk := Sk — t k and 

z k (x,t) := z(x,t + tk), z k (x,t) = z(a:,t + tfc) 

and 

C k {^>k,t) = d 1 (tp k ,t + t k ) z k (x, t) + d 2 {^k,t + t k ) z k {x,t) 
where di(ipk, t) are defined in terms of ipk as before. Notice that because of the previous claim, Sk < — o~, 
for a uniform constant a. It follows from (3.29) (with v — 0) and (3.36) that ^ satisfy the bound 

HfolU~CEx[*»,o]) + lWflJ fc , ^ C ( 3 - 41 ) 

for a uniform in A: constant C. 
The inequality (3.38) says that 

- < / ijl(x,0)z p k - 1 dx<2. (3.42) 

2 J— oo 

If we integrate (3.24) in time on [tk ~ 5,tk] and use (3.42), we conclude, after a straightforward 
calculation, the bounds 

/oo 
^1{x,t)zI~ 1 dx < 2. (3.43) 
-oo 

for a uniform in k small constant S > 0. 
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Claim 3.3. There exists a universal large constant M > for which 



sup / 

t£[-«,0] J-(( T+tk 



5(r+t fe )-M 

2 



i>i{x,T)zl- L dx< -. (3.44) 

)+M 



Proof of Claim. We recall that by (2.2), f (t + tfc) = | log(2fe|r + t fe J) + O(l). By symmetry (ip k is an 
even function) we only need to show that 



i{T+tk )-M 



sup / ^ k {x,r)z v k dx < 



Tg[-i,o] Jo 
Also, since for x > and r £ [—5, 0], 

z fc (a;, t) = w(a; - £(r + t k )) + w(x + £(t + i fe )) <2m(i- £(t + t k )) 
it will be enough to establish the inequality 

sup / tp k (x,T)w p (x - £(t + t k ))dx < -. 

tG[-5,0]Jo ° 

Using the L°° bound in (3.41), we conclude that for every r £ [—5, 0] we have 
r£<.-r+t k )-M _ ri^+ t k)-M 

/ Vfe(a:,T)i(; p ~ 1 (a;-£(T + tfe))da;< C / ii^fa; - f(r + t k )) dx 

Jo Jo 



for a uniform constant C. Finally, we have 

K(T+i fc )-M ^ r -M 

~t(.T+t k ) 

where w is given by (1.9). It follows that there exists a uniform constant M such that 

rt{T+t k )-M f — M 



/ w p (x — f(r + tfc)) dx = / to p (x)dx 

J0 J-((T + t,.) 



C* / w p_1 (2:-C(r + ^))d2; = C / u. p_1 (a-) da; < - 

for all r 6 [—5, 0] finishing the proof of the claim. □ 

We will now conclude the proof of the Proposition. By (3.43), (3.44) and the symmetry of ^ k , we 
have 

r((T+t k )+M _ j 

inf / ip k (x,r) z p ~ dx > —. (3.45) 



t£[-5,0] , 

We wish to pass to the limit along a sub-sequence ki — > oo. However, in order that we see something 
non-trivial at the limit, we will need to perform a new change of variables defining 

<f> k {x,t) := i> k (x-£(t + t k ),t), t<0. 

It follows that each (j) k satisfies the equation 

pwlT 1 d t <t>k = d xx (f> k - 4>k + pw^ 1 4>k - i(t + t k ) d x <j> k + g k (3.46) 

on -s k <t<0 with g k (x,t) := f k (x - £(t + t k ),t) - C k (cj> k ,t) and 

w k (x,t) ■- z k (x-£{t + t k ),t) = w{x) + w(x-2£(t + t k )). 

Moreover, (3.37) and (3.31) imply the bounds 

\\ 9k \\ Llto <C(l + -±=) (3.47) 
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and by (3.41) and the inequality Wk > w, 

||0k|U«>CKx[ff fc ,o]) + IWIsf < C. (3.48) 
In addition, (3.45) implies the following uniform bound 



M 

inf / d>l{x,T)w p ~ 1 dx > -. (3.49) 



Set Q = (—00,10] x b~o,0], where xq > is an arbitrary number and to is any number such that 
Sfc < to < 0, for all k (recall that Sk < —cr, Vfc by Claim 3.2). It follows from the energy bound (3.48) 
that passing to a subsequence, still denoted by <pk, we have 4>k — > 4> m ^w(Q) an d 4>k — > <t> weakly in 
HwiQ)- Passing to the limit in (3.46) while using (3.47) and the bound 



V(* + *fc)* = 0(|7ia) 



we conclude that <f> is a weak solution of 

pw^ 1 d t 4> = d xx (f) ~ <j) + pw 1 '' 1 (f> (3.50) 

on R x [to , 0) . Standard regularity theory shows that <f> is actually a smooth solution. In addition, <f> 
satisfies the orthogonality conditions 



F 



(x, t) it;'(a;) io p 1 (x) dx = 0, a.e. t < to (3.51) 

J — oo 

and 



(x, t) w(x) w p 1 (x) dx = 0, a.e. t < to. (3.52) 
Moreover, from (3.41) we have the following uniform estimate 

sup/ / <j) 2 (x,t)w p ' 1 dxdt < 2. (3.53) 

T<0Jr J-oo 

Also, passing to the limit in (3.49) we conclude that 

r0 rM 



/ <t> 2 {x,t) w p ~ 1 dxdt > - > 

-5J-oa 4 



which shows that our limit <f> is non-trivial. From Claim 3.2 we have liminffc_ ) , 00 Sfe = — oo. Hence, 
we may assume, passing to a subsequence, that st — > — oo. It follows, that the limit <j) is an ancient 
solution of equation (3.50), i.e defined on 1 x (— oo,0] which satisfies the orthogonality conditions 
(3.51) and (3.52). 

Set a(t) — | \\4>(-,t)\\ L 2( mP -i dx \ and observe that since is orthogonal to the two eigenfunctions of 
the operator Lo (defined in (3.3)) corresponding to its only two nonnegative eigenvalues A_i and Ao, 
we have 

a'(t) <-Xa(t), t<0 

for some A > 0, implying that a(t) > a(0) e A ' 4 ' which contradicts (3.53). This finishes the proof of the 
Proposition. □ 
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3.2 The proofs of Lemma 3.1 and Proposition 3.1 

Based on the a priori estimates of the previous section, we will give now the proofs of Lemma 3.1 and 
Proposition 3.1. 

Proof of Lemma 3.1. It will be sufficient to establish the existence of a solution ip s to (3.11). Indeed, 
given the existence of solution ip s , by the fact that the forcing term / satisfies orthogonality conditions 
(3.5) and (3.6) we already know that ip"(-,t) will continue to satisfy the conditions (3.5) and (3.6) for 
t > s. Then the estimate (3.21) follows by Proposition 3.2. 

The strategy for establishing the existence of ip s is as follows. Fix an s < to — 1. We first establish 
the existence of a solution ip" to the initial value problem (3.22) on R x [s, s + to], for a given function 

g with ||(?||^2 < oo, where to is a uniform constant, independent of s, to be chosen below. Then we 

'o 

solve the non-local problem (3.11) on R x [s, s + to}. At the end we show how to extend such a solution 
in time up to to, to obtain a solution of (3.11). 

We first claim that given an s < to — 1 and a function g with ||.g||^2 < oo, there exists a solution 
ip> s of (3.22), on R x [s, s + to], for some to to be chosen below. The solution ip 3 will be constructed as 
the limit, as R — > oo, of solutions tp R to the Dirichlet problems 

pz?- 1 dti> R = - i> R + pz p ~ 1 i> R + z*- 1 g on Q R , a 

(3.54) 

4>r(-, s) = on d p Qn, s 

on Qr, s := [— R,R] x [s, s + to]. Since our weight z p ~ 1 is bounded from above and below away from 
zero on Qr, s , by standard parabolic theory there exists a solution ip s R to the same Dirichlet problem 
on Qr, s '■= [-R, R] x [s, s + tr], for some tr > which will be taken to satisfy tr < 1. Similarly as 
in the proof of Lemma 3.2, ip := tp R satisfies the following estimate 

^ J R ^z"- 1 dx + J R + ipl) dx < Ci (J" g 2 z p - 1 dx+(i + l) J R ii 2 z p - x d^j (3.55) 



ra+TR rR f rs+r R \ 1/2 ,i? ,-R 

I ij ip 2 z p ~ 1 dxdt< l i 2 dt\ sup / V>V da;< e sup / ^ 2 z p ~ 1 dx 

J a J-R \J s J [a,a + T R ]J-R [3,3 + T R ]J-R 



for a universal constant C\. Before we integrate (3.55) in time, we observe that 

rs + T R \ !/ 2 rR f-R 

sup / il) 2 z v ~ 1 dx < e sup 

[a,a + T R ]J-R [s,s + T R ] . 

(3.56) 

if s is chosen sufficiently close to — oo. The last inequality follows from the fact that £(t) = + h(t) 
and ||7i]|i' CT "t^ < 1 by assumption. 

Set to := min{l/(3Ci), 1}, with Ci being the constant from (3.55) and take tr < to. Integrating 
in time (3.55), while using the Dirichlet boundary condition in (3.54), the Cauchy- Schwartz inequality 
and (3.56) with e chosen sufficiently small, we obtain 



/Tp 2 z p 1 dx +11 (ipx + ^-ip 2 )dx dt 
-R J JQ R , ^ 



2 

[s,s + T H ] J-R J JQ R , S 



<C I gz^'dxdt + d ipz p ~'dxdt 

'Qr,s JJQr,s 



1 



<C II g z z p 1 dxdt+— sup / ip 2 dxdt 

J JQ R , S 3 [»,s+tb] J-r 

since Ci \tr\ < C\ to < 1/3 by our choice of C\. It follows that ip := ip" R satisfies 

g 2 z p - 1 dxdt (3.57) 



sup f ip 2 z p - x dx + f f (iPl + -tp 2 ) dxdt<C [[ 
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for a uniform constant Co- Similarly to deriving the energy estimate in Lemma 3.2, using (3.57) and 
the fact that {iPr)x{-, s) — 0, we find that ip := ip a R also satisfies 

ff ipU 1 " 1 dxdt+\ sup f (tp 2 + il>l) dx < Co [[ g 2 z p ~ 1 dxdt (3.58) 

where Co is a constant, possibly larger than the constant in (3.57), but still independent of R, s. The 
right hand sides in both inequalities (3.57) and (3.58) are bounded by a constant that is independent of 
R, namely Co f + g 2 z p ~ 1 dxdt. Hence, by standard linear parabolic theory the solution ip R will 
exist at least for s < t < to, namely on Qr, s - Take a sequence Rj — > +oo and set A SjT0 := R x [s, s+To]- 
Since the equation in (3.22) is non-degenerate on any compact subset K of A S , TQ , the uniform estimates 
(3.57)-(3.58) and standard arguments imply that a subsequence of solutions %p s R . converges in C°°(K) 
to a smooth solution ip s of (3.22). The limiting smooth solution ip a is defined on A SjT0 . 

The next step is to show that we can solve a nonlocal problem (3.11) on A S?T0 . We will do that via 
contraction map arguments. Define a set 

X s := {ip\ \\ip\\ H 2 (As) < oo}. 

We consider the operator A s : X s — > X s given by 

A S W :=T a tf-C(^,t)), 

where T s (g) denotes a solution to (3.22) as constructed above. We will show that the map A s defines 
a contraction map and we will apply the fixed point theorem to it. 

To this end, set c := Co \\f\\L 2 (A a ) an d X^ := {i/> £ X s | ||V'IIh 2 (a 3 ) < 2c}, where the constant Co is 
taken from (3.57)-(3.58). We claim that A S (X°) C X s c . To show this claim, let ip G X". The estimates 
(3.57), (3.58), the estimate (3.19) for C(tp,t) and the Sobolev embedding yield to 



\A s (4,)\\ H 2 (As) = \\T s (f~C(^,t))\\ H 2 {Aa) < C \\f-C(i>,t)\\ LHAs) 

<Co{\\f\\ L 2( As) + \\C(i>,t)\\ L 2 {As) ) = C + Co||C(V,t)]| i2(Ai) 

< c + — 7j=f II^IIl2(a s ) < 2c, 



(3.59) 



if |s| sufficiently large (which holds if to is chosen sufficiently close to — oo). Next we show that A s 
defines a contraction map. Indeed, since C(ip,t) is linear in tj), we have 

||A S (^) - A a (^ 2 )\\ H 2 (As) = \\T s {C{^,t)-C{^t))\\ H 2 (As) 

< Co \\C{xln,t) -C(Va,t)|Ua ( A.) = Co \\C(ipi-i>2,t)\\ L 2 (As) 
C 1 

"•01 - lfa\\ H *(A,) < ^ 1101 - 02||h2(A s )- 



2 

By (3.59) and (3.60), the fixed point Theorem implies that there exists &%p a £ X s so that A a (tp s ) = i/> s , 
meaning that the equation (3.11) has a solution ip", defined on A SjT0 . 

We claim that ip s (-,t) can be extended to a solution on R x [s, to], still satisfying our orthogonality 
conditions and apriori estimates. To this end, assume that our solution ip s (-,t) exists for s < t < T, 
where T < to is the maximal time of existence. Since ip s (-,t) satisfies orthogonality conditions (3.5) 
and (3.6) for t £ [s,T], by Proposition 3.2 , 

sup \rr\\r(-,t)\\ L 2 m <C\\f\\ L 2 (3.61) 

te[s,T) S,J 

and 

sup \T\»\\4, a (;t)\\ L ~ m + U\\ H 2 T <C\\f\\ L 2 (3.62) 
where C is a uniform constant. Since H/11^,2 < H/11^2 < C, it follows that s can be extended 

s.T s , t Q 

past time T, unless T = to. Moreover, (3.21) is satisfied as well and ip" also satisfies the orthogonality 
conditions. □ 



22 



Having Lemma 3.1 we are able to conclude the proof of Proposition 3.1. 



Proof of Proposition 3.1. Having Lemma 3.1 we are able to conclude the proof of the Proposition. 
Take a sequence of Sj — > — oo. By Lemma 3.1, for every Sj there is a solution ?/j Sj to (3.11) such that 
ip Sj (-,Sj) — and it satisfies the uniform estimate (3.21), independent of Sj. Moreover, our equation 
(3.11) is non degenerate on every compact subset Kclx (-co, to). Therefore on K we can apply 
standard parabolic theory to get higher order derivative estimates for our sequence of solutions tl) Sj , 
which are independent of Sj but may depend on K. Let j oo. By the Arzela-Ascoli theorem and a 
standard diagonalization argument we conclude that a subsequence {ip Sj } converges, as j — > oo, to a 
smooth function ip defined on R x (— oo,fo). Moreover, ip satisfies orthogonality conditions (3.5) and 
(3.6) and the estimate (3.20). The latter follows from taking the limit as j — s> oo in (3.61) and (3.62), 
both satisfied by if) aj , and the fact that the constants on the right hand side are independent of j. □ 

3.3 W 2 > a estimates 

We will next derive weighted W 2,a estimates for the linear equation (3.9). We recall the W 2,tJ norm 
is given by Definitions 2.3 and 2.4. We have the following global estimate. 

Proposition 3.3. Let be a solution of (3.9) as in Proposition 3.1. If \\f\\ v a ,t Q < oo, for some a > 2 
and v € [0, 1], then 

IMIwo <C(||/||£ ?o +11/11* t0 ). (3.63) 
The proof of Proposition 3.3 will follow from a similar a'priori estimate for solutions of (3.1). 
Lemma 3.4. Let tp be an even solution of equation (3.1) with g a given even function that satisfies 
llflll£,to + llflllr 2 < 00 > f or some o~ > 2 and v G [0, 1). Then, we have 

IMIw <C(\\g\\h +||s||:, t0 ). (3.64) 

E o 

Before we give the proof of Lemma 3.4, we will prove Proposition 3.3 using Lemma 3.4. 

Proof of Proposition 3.3. Assume that ip is a solution of equation (3.9), as in the statement of the 
Proposition. It follows from Lemma 3.4 that 

Ml** < c (11/11% + ll/ll^o + + ||C(^t)||^ t0 ). 

It follows from (3.30) and the estimate in Proposition 3.1 that 

\\Cty,t)\\l 2 <-£=\\f\\l 2 . (3.65) 

In addition, it can be shown, similarly as in the proof of (3.30), that 

\\C^,t)\\^ t0 <^=H\\l att0 . (3.66) 

Combining the last three estimates, readily yields the estimate of the Proposition, provided that |to| 
is chosen sufficiently large. □ 

Before we proceed with the proof of Lemma 3.4, let us summarize the estimate we have for C(ip, t), 
using Propositions 3.1 and 3.3. 

Corollary 3.2. Under the assumptions of Proposition 3.3 we have 

\\C^,t)\\:^ t0 < QlVCj + W\2,^ )- (3-67) 

It follows that 

iic(v^)ii:,., t0 <-^ii/ii:, CT , t0 . (3.68) 

for a universal constant C . 
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Proof. The estimate (3.67) readily follows by combining (3.30) and (3.66). The estimate (3.68) follows 
from (3.67) and the bounds in Propositions 3.1 and 3.3. □ 



We will now proceed to the proof of Lemma 3.4. 

Proof of Lemma 3.4- We first observe that since both z and if) are even functions in x, we will only 
need to establish the Lemma on — oo < x < 0. We first perform a translation in space, setting 

cj>(x,t) = ip(x - £o(t),t), -oo < x < £o(i), 

where £o(i) = \ log(2t>j £] ) . It follows that cj> satisfies the equation 

pz v ~ x d t 4> = d xx <f> - pio z v ~ x d x <t> - 4> + pz p ^ 1 <j> + z^ 1 g (3.69) 

with 

z{x,t) ■- w(x + f(t) - £ (t)) + w(x - £(t) - £,,(*)) 

and g(x,t) := g(x — £o(t),t). We observe that on the interval of consideration -co < x < £o(t), we 
have w(x — £(t) — £o(i)) < w(x + £(t) — £o(t)), hence 

w{x + £{t) - &(*)) < z(x,t) < 2w(x + £{t) -&(*)), on - oo < x < &(*)■ (3.70) 

If we divide equation (3.69) by z p ^ 1 and perform the change of variables 

cf>(x,t) = e x 4>(r,t), r = e^, (3.71) 
we conclude, after a simple calculation, that the new function <p(r, t) satisfies the equation 

4>t = a(r, t) A4> - P £ a rj> r + (1 - £ ) 4> + g(r, t) (3.72) 

with 

a(r,t) = p- 1 p 2 U 1 - p (r,t) 

and 

U(r, t) = e~" (w(x + £(t) - &(*)) + w(x - t(t) - Co (*))), r = ef". 
To obtain (3.72), we compute directly that 

4>xx - 4> = p 2 e (1 + 2 P )X (<f>rr + -<j>r) 

r 

and 

pz^ 1 ^ = pe% {e^Uf- 1 = pe (1+20)x U^ 1 ^ 

and similarly 

pz g = pe v ' U g. 

Combining the last three equalities we readily conclude (3.72). In addition, it follows from (1.9) and 
(3.70) that 

e 2£(£ (t)-e(t)) +r 2 J - U i r ' t ) ^ 2 y e 2t3(Mt)-m) +r 2 ) ' ^ 3 ' 73 ^ 

Observe that |£ (t) - £(t)| = l^(*)l < C|i|~ M , since H/iH?'*^ < oo by assumption. This together with 
(3.73), the fact that p— 1 = — ^ = 2/3, imply the estimate for the ellipticity coefficient a(r, t), 

di(l/2 + r 2 ) 2 < a(r,t) < d 2 (l + r 2 ) 2 , 

for di and d,2 universal positive constants. 
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We fix t < to- We will next establish sharp W 2 '" estimates for equation (3.72) on -Br( t ) x [r — 2, r], 
where R(t) := e' 35o(r) is a large number. Let Q := B 2 X [r — 2,r] and Q := Bi x [r — l,r]. By the 
standard parabolic W 2 '" , we have 

|M| W ^(Q) < C (II^IU^Q) + ||5|U«r (0 j). (3.74) 

Translating this estimate back to the original coordinates and in terms of ip gives us the desired 
weighted W 2 '" 7 bound on the exterior region, namely 

\W\2,„,e t < C {U\1, Et + \\g\\ a , BT ) (3.75) 

where E T = (-oo,-£ (t)) x [r - l,r] and E T = (-co, -£o(t) + x [r - 2,r]. 

We will next obtain a weighted W 2 '' 1 estimate on -Bk(t) \ B\. To this end, we will assume that 
R(t) — 2 fc ° for a large constant ko = fco(r) and we will derive the estimate on the annuli 

{2 fc < \x\ < 2 fe+1 } x [r - 1, r], for any k = 0, • • ■ , fco - 1. 

Set p = 2 fc , D p = {p < r < 2p} X [r - 1, r] and by D p = {§ < r < 4p} x [r - 2, r]. Then, on Z) p we 
have 

Ap 4 < a(r,t) < Ap 4 

for A > and A < oo universal constants. We will then divide the time interval [r — l,r] into 
subintervals of length 1/p 2 and in each of them we scale our solution <p to make the equation (3.72) 
strictly parabolic. Let us denote by [s — l/p 2 ,s] one such sub-interval and consider the cylindrical 
regions D p = {p < r < 2p} x [s - 1/p 2 , s] and D p = {§ < r < 4p} x [s - 2/p 2 , s}. It follows that the 
rescaled solution 

4> p {r, t) := 4>(pr, s + p- 2 t), (r, t) G D := {| < r < 4} x [r - 2, r] 
satisfies the equation 

ft^ = a$ p - pUt) ^d r( b P + i(i - Co(t))0 P + -^/ P M ( 3 - 76 ) 

p* P J p^ p^ 

on D with <? p (r, t) := g(pr, s + p 2 t). Moreover, 

A <^M) < A . 
p 

Recall also that £o(t) = l/£, and in particular, |£o| is bounded. Hence, by the standard W 2 ' a estimates 
on equation (3.76), we have 

\\<t>p\\h^(D) < C(\\4>p\\l->(.d) + P~ 2 \\9p\\l"(D)) 
with D := {1 < r < 2} x [r — 1, r] and D := {1/2 < r < 4} x [r — 2, r]. This readily yields the bound 

ll^t|U"(x>j) + p 4 ||-D 2 0lU°-(£)*) + P 3 ||-D<£|U°-(d«) + P 2 \\4>\\l"(d p ) 

< C(p 2 H\\l°(d°) + Wh^ (£>*))■ 
By repeating the above estimate on all time sub-intervals we finally conclude 

||<MU"(iV) + P 4 \\D 2 ^\\l"(d p ) + p 3 \\D4)\\ L « (Dp) + p 2 \\$\\ L a (Dp) ^ ^ 

< C(p 2 ||^||l-(S p ) + llffIU-(s p ))- 

Because the first terms on the left hand side of (3.77) have a growth in p, we will need to weight 
the L" norms by a power r A , for some appropriate A < to be chosen in the sequel. To this end, we 
define for any function h the norm 

A 
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Hlua) = ( // \hf r A+n - J drdt)- 



and observe that (3.77) readily implies the following estimate in the new norms 

\\4>t\\Li(D„) + \\r A D 2 4>\\ L v (D ) + ||r 3 D<^|| L j (D } + ||r 2 <^|| L j (D , 

2 - , (3.78) 

< C(\\r 0|U-(S p ) + \\g\\Li(D T ))- 

We will next use the above local estimate to establish an estimate on the entire inner region. To 
this end, set D T = {1 < r < R(r)} X [r - 1,t] and D T = {1/2 < r < 2R(r)} x [t - 2,r], where 
R(t) := e 2 ^ o{T \ as before. Applying (3.78) for all p = 2 k , k = 0, 1, • • • k , where R(t) = 2 k ° , we 
obtain the bound 

\\it\\Li(D T ) + Ik 4 d 2 $\\ li{Dt) + \\r s D4>\\ L v (DT) + \\r 2 4>\\ L ^ Dr ) 

<C{\\r 2 ^\\ Ll{Dr) + \\g\\ Ll{i)T) ). 

Before we find the appropriate A, we will express (3.79) back in terms of the functions <f>(x, t) — e x <f>(r, t) 
and f(x,t) — e x f(r,t) through the change of variables r = e^ x . Let I T := [0, £o(t)] x [r — l,r] and 
J(r) := [— (In 2)/j3, £o(t) + (In4)/,S] x [r — 2, r] denote the images of the sets D T and D T under this 
change of variables. We will use the formula d/dr = (/3r) _1 d/dx and the bounds 

ce~ Px <w {x)<Ce- px (3.80) 

which hold in the region of consideration. A direct calculation shows that (3.79) implies the bound 

WMWhld-r) + II^0||lj(/ t ) + ||^0||lj(/ t ) 

<C(||e 2 ^|| L j (J - T) + ||fl|U; ( 7 T )) 

where, for any function h and any I C [0, oo) x (— oo,0], we denote 

IWUs(/) :={ffWe {x+ ^ x dxdt)^. 

We next observe that the same arguments as in the proof of Lemma 3.2 give us a global L°° bound 
on the solution tp of (3.9), namely 

IIV>lli~(Kx(-o O ,t ]) < c (HV'IU^ + llfIU? )- 

which gives a similar bound for <f>, namely 

||0IUo«(Bx(-oo,t o ]) < C (M\ L 2 + \\g\\ L 2 ) 

'■0 

were 

\\g\\ L 2 := sup ( / / g 2 z p_1 dxdt)* . 

*° T<t, Vj Al 



Using this bound we obtain 



The last integral is bounded uniformly in r if A is chosen so that 

2a + A + n < 0. 

Choose A = — (2a + n-\-ff), with 6 > any small universal constant. With this choice of A and for any 
function h we have 

\\h\\ Ll{I) = ( J J \h\° e {x+n)px dxdt)° = ( J "J '\h\ a e - {2a+B)fix dxdtji . 
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With such a choice of A, combining this last estimate with (3.81), yields to the bound 

U\W,,I T < C(U\\ L 2 +\\g\\ L 2 +||ff|U«r ( 7 r) ). 

This readily gives the desired W 2 ' 17 estimate on ip in the intermediate region, which combined with 
(3.75) yields to (3.64), finishing the proof of the lemma. □ 

We recall next the weighted L°° norm and our global norm given in Definitions 2.5 and 2.6 respec- 
tively. It is clear that 

\M\l? n <c||C,«. 

since z^ 1 > c > for a universal constant c. The following L°° estimate follows as a consequence of 
estimates (3.20) and (3.63). To derive it, as we will see below we need to take a > n + 1, so lets define 
from now on a := n + 2. We have 

Corollary 3.3. Under the assumptions of Proposition 3.3, if a = n + 2 then the solution ip satisfies 
the following estimate 

W»,to<C (||/||% +||/|i; t0 ). (3.82) 



Proof. The bound on H^ll^oo readily follows from (3.20) and Sobolev embedding. For the bound on 

'o 

\\ z ~ i' X{\x\>((t)} \\l°° i by symmetry we may restrict ourselves to the region {— oo < x < —£(t) + 
In 2}, and set cp(x, t) := tp(x — £o(t),t), where — oo < x < /3" 1 In 2. As in the proof of Lemma 3.4, 
it follows that cj> satisfies the equation (3.69) with g := g(x — £,o(t),t) and g := f — C(ip,t). Hence, 
(j>(r,t) given by (3.71) satisfies the equation (3.72) which is now strictly parabolic in the region of 
consideration < r < 2, t < to- Let Q = B e e x [r — 1, r] and Q = Bi x [t — 2,t], t < to and e c < 2. 
Standard parabolic estimates imply the bound 

\\4>\\l°-(q) < c (IHIz^Q) + HsIU^q)) 

since a > n + 1. Expressing everything in the original variables, using that \£(t) — £o(t)| = 1^(^)1 < 
C|t| _M < e, for \t\ sufficiently large, we conclude 

l|2 _1 ^X{|^|>«(t)}llL- < WZ' 1 ^X{\x\>i (t)-e}\\l™ < {\W\a,t + llflll^to)' 

Since g — f — C'(tp,t), where C(4>,t) satisfies the bound (3.68), the desired bound readily follows from 
(3.63). □ 

We will finally summarize the results in this section in one result. This will play a crucial role in 
the construction of the solution of our nonlinear problem. We have shown the following result. 

Proposition 3.4. Let fi, v £ [0, 1) and a — n + 2, n > 3, be fixed constants. Then, there is a number 
to < such that for any even function f on R x (— oo, to] with ||/||* CT < oo, satisfying the orthogonality 
conditions (3.5) and (3.6) and a function h on (-co, to] with II^Hi'^^ 1 < °°> there exists an ancient 
solution ifj — T(/) of (3.9) on — oo < t < to, also satisfying the orthogonality conditions (3.5) and 
(3.6), and the estimate 

\w\:.2,,, t0 <c\\f\\:^ t0 . (3.83) 

The constant C depends only on dimension n, v and fi. 
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4 The nonlinear problem 



Let X be the Banach space defined as in Definition 2.8 and T and A the operators as introduced in 
Section 2.3. In addition, for a given /j, £ (0, 1) and to < 0, we set 

jr:={(M):(-oo 1 to]-M*| ||ft||^+"<land|H|i ia , to <Co} (4.1) 

where Co is the universal constant given by (5.16). We say that ft £ K or 77 £ K if (ft, 0) £ if or 
(0, rf) £ K respectively. Moreover, define 

A:={^6X|||^||., W <1}. (4.2) 

Remark 4.1. 7/ (ft, 77) £ if, tften 

||ft|U°° (-oo,t ]) < 1*0 1 M IMU 00 (—00, to]) <CoN ■ (4.3) 

in particular, by choosing \to\ sufficiently large we may assume that both ft ana! 77 ftane small L°° norms. 
In addition, 

f(*):=ilog(2&|t|) + ft(i) = ~log(26|i|) + o(l), as |i| ^-00. (4.4) 

The main goal in this section is to prove the following Proposition. 

Proposition 4.1. Let a — n + 2. There exist numbers v £ (f,l) and to < 0, depending only on 
dimension n, such that for any given pair of functions (ft, 77) in K, there is a solution ip = ^(h,rf) of 
(2.14) which satisfies the orthogonality conditions (2.9)-(2.10). Moreover, the following estimates hold 

\\^{h\ n ) 

and 

ll*^,'? 1 ) 

for any (ft 1 , 77) £ K and {h,nf) £ K, i = 1, 2 and [i < min{2z^ — 1,7}, where 7 £ (0,1) is a positive 
number determined by Lemma 5. 1 and C is a universal constant. 

We will find a solution of (2.14) by the contraction mapping principle. To this end, we need suitable 
estimates on the operator E(ijj). They are given in the following section, after which we will proceed 
with the proof of Proposition 4.1. 

4.1 The estimation of the Error term 

We will next estimate the error term E(ip) in the || • || *,cr,i norm an d also establish its Lipchitz property 
with respect to ip as well as ft and 77. We will begin by estimating the error term M in (2.6). 

Lemma 4.1. Let a = n + 2. There exist numbers v = uo{n) £ (^,1] and to < 0, depending on 
dimension n, such that for any v £ (1/2,^0] and \i < mm{2v — 1,7} and any (ft, 77) £ K (where the 
set K is defined with respect to this particular fj, ), we have 

\\^ P M\\Z, t0 <C 

for a universal constant C . 

Proof. Throughout the proof C will denote various universal constants. Since all the functions involved, 
including M, are even in x it will be sufficient to restrict our computation to the region x > 0. Notice 
in that region 

7x12(2;, t) := w(x + £(i)) < w(x — £(t)) =: Wi(x,t). 
We write M = Ah + M 2 , where 



9(h 2 ,v)\\:,2,., t0 <c|t r"iift l -A 2 ii^+ 1 



*(ft,77 )ii:,2,., i0 <c\t \- L+v h L -v A \\Ut 



(4.5) 
(4.6) 



Mr = ~z p - (1 + vY « + O, M 2 = [(1 + v ) p - (1 + 77)] K + w p 2 ) - d t z 
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and set 

Mi = z 1_p Mi and M 2 = z x ~ v M 2 . 

We have 

< Mi = z x ~ v (1 + rjf ([(wi + w 2 ) p - to?] - ) 

< p(l + rj) p w 2 / - ds 

Jo z 

hence, using that w 2 < tui < z, obtain the bound 

| Mi | < Cw 2 . 

For the moment take a > 2 to be any constant and q > 0. By the last bound and the estimate z < 2u>i 
which holds on x > 0, we compute 

/•f(t) . i /•«(*) i 

(/ mi z qa dxy <c{\ w ,y (x + i{t))w qa (x-e,(t))dxy 

Jo Jo 

< C ( / e(t> e - CT ^+f(*)) e « ff ("-«*)) dx) ' 
Jo 

= Ce -(i+9)«W( f m e ^~ 1 )" dx)' . 
Jo 

Recalling (4.4) we then conclude that 

/•«(*) _ i 
( / Ml z q ° dx)° < Ca(\t\) 
Jo 

where a(\t\) = Itl - ^*, if q < 1, a(|t|) = |t|~\ if g > 1, and a(|t|) = (In |t | ) 1/cr if g = 1. 

On the other hand, recalling that /3 := 2/(n — 2) = (p — l)/2, we have 

roc 1 /-oo x 

( / Ml z 7 ^-" dx) ' < C( / w CT (a; + £(t)) w-^'fs; - £(t)) da;) ° 

Jew Jsw 

•/f(t) 

First, we combine the above estimates when q = ft and a = 2, to conclude that on A r = R x [r, r + 1], 
r < t - 1, we have \\M 1 \\ l2(At) < C\t\~"", with u := f (y3) > 1/2 for all /?. It follows that 
ll-^i II r°2 — C- Also, if we combine the above estimates for a — n + 2 and q = 2/3 + Q, with # a small 
universal positive constant as in the proof of Proposition 3.3, we obtain (recall the Definitions (3.74) 
and (3.77)) that ||Mi||o-,a t < C\t\~ vq , where vo = vo{P) > 1/2. By choosing to < — 1, we obtain 
p/iC t0 < C. We conclude that 

Uh\\:% to <c. 

We will now estimate the term involving M 2 . Since u>2 < wi < z, we have 

I M 2 \< C( P ) (|r?| m + \i(t)\ | w'(x + £(t)) - w'(x - f(t))| + \i)(t)\ z) 
hence, using that |w'(x)| < Cw(x), we obtain 

|M 2 |<C(|»j| + |ij| + |£|)«. 
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It follows that for any q > 0, a > 2 and r < to — 1, we have 

\M 2 \ a [z qa X{\*\<m} + Z "' 3 ~' T X{\x\>i(t))] dxdt)° 



By Definition 2.7 the right hand side of the last estimate is bounded by C \r\ 1 , if wc assume that 
Holler, t < Co and [|ft]|CT,'t a , " P — 1> with n > 0. Hence, arguing as before, we easily conclude the bound 



This finishes the proof of the Lemma. □ 

The following Corollary follows immediately from Lemma 4.1 by choosing v = u(n) to be any 
number in (|, vo) and to < so that C liol - ^" 0- "' < §■ Let also /i < min{2f — 1, 7}, where 7 6 (0, 1) 
is a positive number determined by Lemma 5.1. 

Corollary 4.1. Let a = n + 2 and let v — v(n) G (J, 1), to < 0, be as above. There exist uniform 
constants to < and C > 0, depending on dimension n, such that for any (h, n) € -ff, uie /iai>e 

||/- p M||: >CT , (0 <C\t \-^-"\ 

For the remaining of the section we will fix the parameters a, /j, and v as in Corollary 4.1. We will 
next establish an L°° bound on ip/z which will be used very frequently in the rest of the article. 

Claim 4.1. For any function ip on R x (—00, to], we have 

n^iUss <c|toi*-"w:,2,.,t (4.7) 

for a universal constant C . Hence, under the assumption ||'0ll*,2,CT,to — 1> 

<C]t Q \^- v (4.8) 
and it can be made sufficiently small by taking \to\ sufficiently large. 
Proof of Claim. Recalling the definitions of our norms from section 2.2, we have 

ii7X{i*i>e<o>ik~ <c\torm: M . (4.9) 

On the other hand for any r < to — 1, on A T = lx [r, r + 1] we have 

\\—X{\x\<i(t)}\\L«>(A T ) <\t\ " \\lp\\",2,cr,t \\z 1 |U~(A T n{| i c|<5(t)})- 

To estimate 1 1 1 1 1 ( n{ |a;|<$(t)}) we observe that 

mm z(x,t) > min w(x - £(t)) = w(f(t)) >C\t\~^ 
{\x\<nt)} {o<x<s(t)} 

since (2.2) holds. Hence, \\z~ 1 \\ L oa (ATn{ \ x \< i{t)}) < C\t\*. It follows that ||« -1 V'IU°'°(A T n{|B|<«0}) < 
C\t\2-" ||-0II*,2,ct,*o implying tne bound 

\\^X {M < m }h ro < C\t \^-'' (4.10) 

The claim now follows from the two estimates (4.9) and (4.10) and our assumption [|V> ||*,2, o-,t — 1- 

□ 
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We will next estimate the norm of the term (1 — dt)N(ip) in (2.6). 

Lemma 4.2. There exist uniform constants to < and C > depending on dimension n such that 
for any functions (h, rj) € K and %p £ A, we have 

II* 1 -* (i - d t )NW\\:^ t0 < c |* |* — IMIJUa.to- 

Proo/. We write iV(i/>) = Ni(ip) + N 2 (ip) where 

ATi(V>) = {Z + ^Y ~~z p -pi"- 1 ^, N 2 W=p^z p - 1 [{l + 7 1 ) p - 1 - 1]. 
To estimate 1 1 ^ 1 33 (1 — <9 t ) Ni(tp)\\^ t7 to , we begin by observing that 

z'- p Nity) = (1 + t/)^ 1 5[(1 + |) P - 1 - p|] = p(l + tj) 1 - (4.H) 

where 

aw= f 1 ((i + sty-'-^ds. 

Jo z 



By (4.8) we have 



\A(il>)\ <C(p)^ <C^ (4.12) 
z z 



and therefore we conclude the bound 

\\^n 1 u,)\\:^<c\\i,\\.^\\£\\l~ <c\t \i-"\m, M . 



It remains to estimate z p dtNi(tp). Differentiating (4.11) in t we get 

dtN t (rP) =pdtz p ~ 1 ipAjrP) + p5 p ~ 1 d t *p A^+pz^ 1 ^<9M(V0 . (4.13) 

JVn iV 12 JVi3 

Using (4.12) we obtain, similarly as before, the bounds 

l^iViil <C(|e| + |77|)|V|— , |^- p iVi2| <C\df4>\^-. 

To estimate the term \z 1 ~ p N\s(ip)\, we first observe that since \ip\/z < 1/2 by (4.8) and \to\ >> 1, we 
have 

\Q t A W \<C^-^ [\l + .±r'sds<C^ + ^ + m *\. (4.14) 

z 1 Jo z z 

Hence 

\z x - p N 13 W)\ <C^( \d t i>\ + + \f,\) k/>| )■ (4.15) 
Combining the above estimates with (4.7) gives 

Wz 1 -* dtN^w^M < cm*-" ii^nr^odiv'iir^o + iki^i + \n\)n:^ tQ )- 

However, a direct computation shows that 

iidei + mm.** < cM^oieiiU, + \ml, t0 ) w\:,2,„ t0 

where \\r,\\l, to < \\r,\\i<r,t < 1 and ||C||U < \ + \\h\\^ to < \ + \\h\\^ ^ 2 ' Hence - 

\\z^d t N^)^ M < C|io|*-"|l^li:,2, ff , to . 
Since ||f?||* i CT t < Co, a computation along the lines of the previous estimate also shows that 

\\z^- p (i - so N 2 (i>)\\:, a .t a < citor 1 ii^n:, 2 ,a,t . (4.i7) 

The proof of the Lemma is now complete. □ 
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Lemma 4.3. There exist to < and C > 0, depending on dimension n, such that for any functions 
(h, rj) £ K and ip G A, we have 

\\Em:,«,to < c {\to\- {v °- v) + \t \--- v . (4.i8) 

Proof. Let Q(ip) be as in (2.6). The estimate of the error term N(ip) given in Lemma 4.2, the estimate 
of the correction term C(ip,t) given in Corollary 3.2, and the bound 

ii/- p ^- 1 iiw <c]||^ii:, CT ,t heritor 1 iwi:, a ,a,« . 

(where we have used the L°° bound on ip given by Lemma 3.2) yield 

\\QW\\:,a,t <c\t Q \^- v u\\:,2,,,t - (4.19) 

This combined with the estimate in Lemma 4.1 easily imply (4.18). □ 

We will next show the Lipschitz property of E(tp) with respect to ip. 

Lemma 4.4. There exist to < and C > 0, depending on dimension n, such that for any functions 
(h, rj) £ K and ip 1 ,tp 2 £ A, we have 

\\E(^) - E(^ 2 )\\:^ t0 < C \to\i~" U 1 - ^ 2 ||:, 2 , CT , t0 . (4.20) 

Proof. We begin by observing that the bound 

\\c(^,t)-c^ 2 ,t)\\:^ t0 < -^n^-^iks.^o, 

v *o 



follows similarly as the bound in Corollary 3.2. 

All the other estimates are similar to those in Lemma 4.2, so we will omit most of the details. Using 
the notation in the proof of Lemma 4.2, let us look at the estimate of the term 

I* 1 -* (^(V 1 ) - iV 13 (V 2 ))| < C ( IV 1 - ^\ \d t A{^)\ + |^ 2 | \d t A{^) - d t A^ 2 )\). 

By (4.14) we have 

IV 1 - V 2 1 1^(^)1 <c ^^ 21 ( \d t ^\ + + IV 1 ! ) 

hence, by (4.8) applied to ip 1 — ip 2 , (4.16) and the assumed bounds on h, r\ and ip, we conclude 

ii iv/ - v 2 i My 1 )! n:, CT , t0 < c\t \i- v u 1 - ^ 2 \\: M . 

To estimate the last term we set I(ip) = f} (l + sz _1 ip) p 2 s ds so that 

\ip 2 \ \d t A(ip r ) - d t A{ip 2 )\ < Ai + A 2 

where 



A 1 = |^|^^^|I(V' 1 )- 1(^)1 
and 

A 2 = |^ 2 | I^W-^)-^(^-^ a )l m% 

The bound [| * jCT> t < C|to| 5 " Wip 1 — ip 2 1|*. 2, a.t Q follows by similar arguments as before. For the 
other term we have 



HAiii:, CT , t0 < cii^ii^ih^ 1 ! + ciei + m i^iii^.tc \m x ) - i(tp 2 )\\l? 
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where ||*-VlkfS < C\t \i- U by (4.8) and \\\dt^\ + + 1^1 \\ v .,*,t < C by (4.16) and the 
assumed bounds on ip, h and 77. On the other hand, applying (4.7) to ip 1 — ip 2 we obtain 

Combining the above gives us the bound || A 2 ]|£, CT , to < C|i | 5_,/ HV* - V> 2 ||£,2, CT ,t - All other bounds 
can be obtained similarly. □ 

We will now show the Lipschitz property of the error term M with respect to h and 77. 

Lemma 4.5. There exist to < and C > 0, depending on dimension n, such that for any functions 
h, hi, r\, r\i £ K , i = 1,2, we have 

\\(z 1 ) 1 -"(M(h 1 , V )-M(h 2 ,r ] ))\\: tait0 < C \t r Wh 1 - h'WtfS- (4-21) 

and 

[^-'(MCM 1 ) " M(h,r, 2 ))\\:^ t0 < C Itol"- 1 - ^||U,*o- ( 4 - 22 ) 

Proof. The estimates follow by direct (yet tedious) calculation, along the lines of the proof of Lemma 
4.1. Set 

z\x,t) ■- w(x + £i{t))+w(x - £i(t)) . 



For the reason of dealing with even functions we restrict ourselves to the region x > 0, where w 2 < 
w\ < z % . Using the notation of Lemma 4.1, we have 

\(z 1 ) 1 -P[M 1 (h 1 , V )-M 1 (h 2 , V )}\ 

= (z 1 ) 1_p (l + rf) p \w\ I (u>l + swly^ 1 ds — w 2 / (w 2 + sw 2 ) p ^ 1 ds] 
Jo Jo 

+ (z i ) i - p (i+r 1 r[-(w i 2 r + (w 2 2 r] 

= (^ 1 ) 1 - p (l + nY - wl) f (wl + swly- 1 ds + ((w 2 2 ) p - (wlf)] 

Jo 

+ (2 1 ) 1_p (l + rj) p wl / ((w\ + swlY^ 1 - (wl + sw 2 )^ 1 ) ds. 
Jo 

From the bound 

K -tu 3 | < C|/ii(«) — fta(t)|, t = l,2 

we conclude the estimate 

|(zy- p \hhih\r,) - hhih 2 ^)] I < Cw 2 2 \hi - fca|. 
Having the above estimate, a similar computation as in Lemma 4.1 implies 

||( Z 1 ) 1 - p (Af 1 (/ l 1 ,r ? )-M 1 (/ l 2 ,r ? ))||:, CT , t0 <C|trHl^ 1 -ft 2 ||^, t0 . 
For the M2 term we have 

(* 1 ) 1 -*|Af a (fc 1 ,'?) - M 2 (h 2 , v )\ < c\ v \(((wly - (™ 2 n + ((wly - (w 2 2 y)) 

< C\r)\\h} - h 2 \w(x-£i) 

implying 

IK* 1 ) 1 -^^) - M 2 (h 2 , V ))\\:,«,t < Cltr^Wh 1 - h 2 \\^ to . 
To conclude (4.21) we observe that v < 1 and Wh 1 - 7l 2 ]|£, ito < Wh 1 - h 2 \\^^. 
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□ 



Finally,to show the Lipschitz property of M in rj, we use the bounds 

lOO 1 -" (Af (ft, v 1 ) ~ M(h, v 2 )) | < C W - V 2 \ wi 
and \rji - r) 2 \ < \to\~ 1 Wn 1 - V 2 \\L,t„ < *o| _1 II?? 1 - V 2 \\l,a,t > implying that 

Uzy-^M^r, 1 ) - M(h, v 2 ))\\:^ t0 < cw- 1 u-ifwi^a- 

We will show the Lipschitz property of the error term 

E(i>)(h, ri) := (1 - dt)N(ip) - p^dtz"- 1 - z"- 1 (ci(t) z + c 2 (t) z) 
with respect to ft and n. 

Lemma 4.6. There exist to < and C > 0, depending on dimension n, so that for any functions 
tp G A, h, hi , rj,j)i £ K , i = 1, 2, we have 

\\(z 1 ) 1 - p {E(i>)(h\ V ) - E(i>)(h\ V ))\\:,„, t0 <C\t \^ Hft 1 - ft 2 ^ 1 (4.23) 

and 

Wz^iEWih,^) - EW(h,n 2 ))\\:^ tQ <C|t rV->? a |lW (4-24) 

Proof. The estimates again follow from a direct (yet tedious) calculation, along the lines of the proof 
of Lemma 4.2. For example, regarding the term N13, as in the proof of Lemma 4.2, we have 

< cm \j; (d + 4r 2 - (1 + 4r ^%f^ ) . - 

< c w ^\- sl f 1)t] jf I (1 + s±y- 2 - ( i + 4r 2 j s ds 



< C 



^(f-f)-^"^ Jo V + S i) sds 



Now it easily follows (similarly as in the proof of Lemma 4.2) that for tp G A, we have 
\\(z^- p Nv i mh\v)-tf) 1 - p NMMh^v)\\:,** 

+ A\- V -V II?, 1 _ f, 2 l|A 



< CM'-"-"!!'* 1 - ft 2 ||^,« [|VI|:,a,t < C7|t |3-"-" Hft 1 - ft 2 ||r +1 



All other terms in E(ip) can be estimated similarly and the estimate (4.23) follows. 
Let us now look at the contraction of E(tp) in 77. For example, we have 

\z 1 -*(N 13 y>)(h 1 r, 1 )-N 13 {il,)(h,T?))\ 

" V(l + '? 1 )2 (l + r? 1 ) 2 ^ 2 J Jo y + 

- (i + „« r 1 f _ v, C 1 + ^ 2 )f + f ^ [\ 1 + a —*y-* ada 

V( i +'7 )- z (i+r? 2 ) 2 z 2 yy v (i+77 2 ) 2 y 
< c mi^ - , 2 i ( WiM±MfcM) , 2 , + icii, 1 - 

This easily implies (as in the proof of Lemma 4.2) the bound 

II^^^CAr^c^X/i,^ 1 ) - A^ 13 c^)(^,r7 2 ))||^, CT ^ < citor*-"!!^ 1 - ^ 2 lli, CT , i0 ll^ll*, 2 , CT ^ - 
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Furthermore 

\z 1 - p (N 12 ^)(h,r jl )-N 12 (h, m ))\<C\^ t \\r, 1 -r ] 2 \(l+ 1 -^-) 

implying that 

||/- p (JV 12 W0(MV^i2(M 2 ))li:, CT , to < oitop 1 !!^ 1 - 77 2 ||i jCT , t0 ||VII*, 2sCT , t0 - 

The other terms in E(ip) can be estimated similarly and the estimate (4.24) follows by recalling that 

l|V»ll*,3,«r,* < 1 fOT a11 V> G A- □ 

4.2 Proof of Proposition 4.1 

In this section we give the proof of Proposition 4.1 which claims the existence of a solution to the 
auxiliary equation (2. 14) with the desired properties. We fix (ft, rj) £ K and we show that A : X n A — > 
In A, given by (2.14) defines a contraction and then use the fixed point Theorem. 

(a) There exists a universal constant to < for which A(X n A) C X n A. 
Indeed, assume that ip £ X fl A. By Proposition 3.4 we have 

\\aw\\: m = \\t(ew\\: m <c\\Em%. t0 

given that E(tp) satisfies the orthogonality conditions (2.9) and (2.10). In addition, it is easy to see 
that for the second term on the right hand side in (2.12), we have 

\\ Cl (t) Z + C2 (t)z\\:^ t0 < c \\E(i,)\\:^ t0 . 

Hence, 

\\aw\\: m = \\T{Emi M <c\\Em:, a , t0 . 

Combining the last estimate with (4.18) and the bound ||^||»a, <r,tn — 1> we S e ^ II^VO \\*,2, a,t Q < 1) if 
| to | is chosen sufficiently large. 

(b) There exists a universal constant to < for which A: XnA^rXPiA defines a contraction map. 
For any ip 1 , ip 2 £ X n A, Proposition 3.4 implies the bound 

WA^ 1 ) - 4(v 2 )ii:, 2 , CT , t0 = \\t{E{^) - s(v> 2 ))ii:, 2>CT , t0 < cwe^ 1 ) - E{i?)\\i, aM . 

Similarly as above we have 

wm 1 ) - m 2 )\\:^ t0 <c\\e(^) - E(^)\\:^ t0 . 

The last two estimates with (4.20) yield the contraction bound 

^A^-A^m^Kq^-^XM 

with q < 1, provided that \to\ is chosen sufficiently large. 

The above discussion and the Fixed Point Theorem readily imply the existence of a unique fixed 
point ip = *5>(h, rj) G X n A of the map A. 

We will now continue with the proofs of (4.5) and (4.6). 

(c) There exists a to < 0, such that for any (ft 1 ,rf), (ft 2 , 77) £ K, (4.5) holds. 

Since rj is fixed we will omit denoting the dependence on n. For simplicity we set ip 1 = ^(ft , 77) and 
ip 2 = ^{h 2 ,n). The estimate will be obtained by applying the estimate (3.20). However, because 
each ip* satisfies the orthogonality conditions (2.9) and (2.10) with £(t) = C(t) := ±log(26|t|) + h*(t), 
the difference ip 1 — ip 2 doesn't satisfy an exact orthogonality condition. To overcome this technical 
difficulty we will consider instead the difference Y := ip 1 — ip 2 , where 

i{j 2 (x, t) = ip 2 (x, t) - Ai(t) w'{x - ^(t)) - Aa(t) w(x - ^(t)) 
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with 

Ai(t) = j tp 2 (x-^ 1 (t),t)w'(x)w p ^ 1 dx, \ 2 (t) = J ip 2 (x - ^ 1 (t),t)w(x)w p - 1 dx. 

Clearly, Y satisfies the orthogonality conditions (2.9) and (2.10) with £(t) — £ (t). Denote by L\ the 
operator 

L]Y := pC* 1 )*- 1 d t Y -[d„Y-Y + p^ 1 )* -1 Y] . 
Since each of the tp l satisfies equation (2.14), it follows that Y := ip 1 — ip 2 satisfies 

L\Y =M(h 1 ) - M{h 2 ) + (z 1 ) 1 " 1 (E^.h 1 ) - E{i> 2 , h 2 )) 
- Lltf - j 2 ) + ((z'r 1 - (/f - 1 ) (1 - d t )^ 2 

where for i = 1, 2, we denote by M' := M(h l ) and by 

ew, h*) := (z 1 ) 1 -? [(i - d t )N(^) - P ^ Mzy- 1 - (zr-'icKt) z l + d(t) z 1 )} 

with M(/i*), AT(V>*) and 4,4 defined in (2.7), (2.8) and (2.12) respectively. 

We next observe that the estimate (3.20) holds for any even solution Y of equation L\Y = (z ) p /, 
as long as the solution Y itself, and not necessarily /, satisfies the orthogonality conditions (2.9) and 
(2.10). Indeed, the a priori estimate 

\\y\\: m <c(iiF|i:, CTit0 + n/ii: iCT , t0 ) 

holds for any solution Y and the bound ||Y||» jCTit < C [|/[|^ CTl t , based on the contradiction argument 
given in Proposition 3.2 can be shown to hold for any even solution Y that satisfies (2.9) and (2.10). 
Hence, we have 

\\Y\\l M KCWtff-'LlYW:^. (4.25) 

Claim 4.2. We have 

Uz 1 ) 1 -? LiY\\:^ t0 <c\t \i-»\\Y\\: M +c\tor w^-hX^i 1 . 

Proof of Claim. By (4.21), we have 

ii(/) i - p (Af(/ l i )-Af(/ i 2 ))ii:, CT , t0 <c|t rni^-ft 2 ii^X 1 - 

Also, by combining (4.20) and (4.23) we have 

\\Ew\h 1 ) - E^ 2 ,h 2 )\\:^ t0 < c\t \^ h 1 - ^ 2 n:, 2 , CT , t0 + c\t r i^ 1 - ^n^X 1 - 

Also, since ||(1 - d t )ip 2 \\"*,*,t < 2||</> 2 ||^2,.,t < 2, 



i r {z iy-i ft - w ii5u*„ < cm-" lift 1 - h'wwx :■ 

For the term, L\ (ip 2 — ip 2 ), we observe that since both w(x) and w'(x) are eigenfunctions of the operator 
Lo given in (3.3), and w(x) and all its derivatives are bounded in R, we have 

2 

(z 1 ) 1 -" \L]{ip 2 - *p 2 )\ < c + I'M + Mi 1 ])- 

1=1 

Let us now estimate |Ai(t)| and |Ai(i)|. Using the orthogonality condition (2.9) satisfied by ip 2 (with 
£ — ? 2 ) we have 

|Ax(t)| = | / {XP 2 (X - e 1 ) - TP 2 {X - e))w'(x)w p - 1 dx\ < CKh 1 - h 2 )(t)\ ||^M)|| £ 2. 

Jr 

Similarly, one can see that 

|Ai(t)| < c {Kh 1 - h 2 )(t)\ \\d t tp 2 (-,t)\\ L2 + 1 (A 1 - h 2 )(t)\ U 2 (-,t)\\ L2 ). 
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The estimates for | A2 (£) | and | A2 (t) | are the same. Combining the last estimates, readily yields the 
bound 

IK* 1 ) 1 -* \l]h> 2 - ^ 2 )iir, CT , t0 < C \to\-" Wh 1 - hYi'tio- 

To finish the proof of the claim, we need to show that 

iiv* 1 - ^ 2 n:,2,., t0 < \\y\\: m + c\t r i^ 1 - ^iKt, 1 - 

Since [[ip 1 - ip 2 \\»,2,a,t < \\Y ll*,2, CT ,t + ||Aiu/(a; - £ : ) + \ 2 w(x - OW*,?^,^ this estimate readily follows 
from the previous bounds on A;. 

□ 

The proof of (4.5) now readily follows by combining (4.25) and the above claim and choosing |io| 
sufficiently large. 

(d) There exists t < 0, such that for any (h, n 1 ), (h, if) £ K, (4.6) holds. 

This proof is an easy consequence of (4.22), (4.20), (4.24) and (3.20), since for ip 1 — ^(h,?] 1 ) and 
ip 2 = ^(h,rj 2 ), we have 

ii^-^nr^o = iit^ 1 ^ 1 ))-^^ 2 ,^ 2 ))!!:^ 

where now the operator T depends only on h (not the r/i) and h is fixed. 



5 Solving for £ and 77 



We recall the definition of K given by (4.1). In the previous section we have established that for any 
given (h, rj) £ K, there exists a solution ip = 9(h, 77) of the auxiliary equation (2.14). Recall that ci (t) 
and C2{t) are chosen so that the error term E(ip) := E(tp) — (ci(t) z + C2(t) z) satisfies the orthogonality 
conditions (2.9) and (2.10) whenever ip does. The error term E(ip) is given by (2.6). Thus ip = ^{h,ri) 
defines a solution to our original equation (2.5) if we manage to adjust the parameter functions (h, rj) 
in such a way that ci = and C2 = 0. This is equivalent to choosing (h, 77) so that 



f 

J — 



E(iP)w p (x + (,(t))dx = (5.1) 

J — OO 

and 

E(ip) w'(x + £(*)) w^^x + £(*)) dx = 0. (5.2) 
In fact, the main result in this section is the following. 

Proposition 5.1. There exists (h,rj) £ K such that (5.1) and (5.2) are satisfied. It follows that the 
solution ip — ^(/i, 77) of the auxiliary equation (2.14) given by Proposition 4-1 defines a solution of our 
original equation (2.5) and Theorem 1.1 holds. 

5.1 Computation of error Projections 

The proof of Proposition 5.1 is based on careful expansions for the projections of the error terms (given 
by the left hand sides of (5.1) and (5.2)) which lead us to a system of ODE for the functions £ := £(t) 
and 77 := r](t). We will then solve this system by employing the fixed point theorem. We will see that 
the main order terms in the system are all coming from the projections of the term z 1 ~ p Al in (2.6). 
Let us first expand these projections in terms of f, 77 and their derivatives. 

Lemma 5.1 (Projections of the error term M). We have 



f 

J — ( 



Mw p (x + Z)z 1 ~ P dx = c 1 (77- ^ -r,-ae~ 2li ) + Hi (£, i r,, rj) 
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and 



/CO 
Mw'(x + + z^ p dx = c 2 (i + be~ 2( ) + TZ 2 {i, 1 V, V) 

- oo 



where c\ , C2 are universal constants and 

(p-l)f~w>>e*dx + pf° oo w>e*dx f^w^dx 

a— ? — — and 6= — 7 — — — . (5.3) 

p J wp +1 dx pj w^wp- 1 dx 

Moreover, 

\\TZ^,i, V ,n)t^ <C, for ie {1,2}, 
and for some < 7 < 1, that depends on dimension only. 

Proof of Lemma 5.1. We will use the notation of previous sections. Let us write M = Mi + M2 + M3 
with 

Mi = (1 + 17)" ((™i + w 2 ) p - w p ), M 2 = -(1 + vYwf 

and 

M 3 = ((1 + n ) p - (1 + 77)) K + iug) - p(l + fj)"- 1 ^ - p(l + J? ) p z p_1 £ (flLwa - 9xWi) • 
* » ' » ' v , ' 

A/31 A/32 A/33 

We first compute the expansion of the term J z ~ p Mw P dx. We have 

Mi dx = P (l + V ) P / [Wl / (VJ 2 + SW!)"- 1 ds] dx 

3 zP J-oa JO zP 

= p(i + ^ (/°° t^-v^- dx + (p - 1) y°° [ w ? yv + s »i) p - 2 (i - ^ ^ 

where we have used the notation w(x) := w(x) + w(x — 2£). 

We next analyze the terms on the right hand side of the last equation. For the first term we have 

w p f 00 w p f 

w 2~ ™i — ~f dx = / w p ~ w(x — 2£) _ _ dx = I w(x — 2£)w p dx + gi(2£) 

ZP J — m 'm P 



x<2£. 



= e~ 2 « / e x w p dx + gi (2Z) = e- 2i e x w p dx + gi (2£) 

J x<2£ J —oo 

where we denote by (/i(2£) various error terms having the following decay 

|ffi(2f)| < C*e- (1+7)2 «, with < 7 < 1. 

The other term turns out to be of a lower order and absorbable in <;i(2f). To see that, since W2 < Wi 
for x > and tci < W2 for x < 0, we have 

/ w i~~i [ / (™ 2 + swi) p ~ 2 (l — s) ds ] dx < C I wiw P dx + C I w 2 w? 2 ^ 1 dx 
zV Jo Jx>0 Jx<0 

<<?i(2£). 

For the term M2 we have 

f°° , r w p f°° w p (x-2n . , 

-/ M2-Z I dx=(l + r,y { ^' w p dx 

J —QG J — CO 

rH rO 
= w p (x-2£)wdx +g2(2£, n)= w p w(y + 20dy + g2{2Z, V ) 

JO J -2£ 

/0 roo 
w p e~ v dy + #2(2£, 77) — e~ 2e - I w p e x dx + 32(2^, t]) 
-oo Jo 
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where we denote by g 2 {2^,rf) various error terms having the following behavior, 
l<?2(2£, 77)1 < Ce- 2 «(e- 2 ^ + \ V \), with 7 > 0. 

Furthermore, 



f , r w 
/ M31 



/ roc roo \ 

= [(1 + V) P -0- + v)][ w^w 1 -" dx + w p w p (x - 2Z)w 1 ~ p dx j 

\J —OO J— CO / 

/* OO /'OO 

= (p-l)ij/ w 2p w 1 - p dx + g 3 (2£, V ) = (p-l)v w p+1 dx + g 3 {2i, n ) 



where we denote by 33 (2^,77) various error terms with the behavior 

|fls(2£,»j)| < C(e- 2 «(e- 2 ^ + |r,|) + M 2 ), with 7 > 0. 

Also, 

/- w p 1 f°° r°° 

M32 — da; = p(l + 77) p_1 77 / zw p dx = pi) / to p+ da; + <?4(2f, 77) 
-00 ^ p J — 00 ■/ — 00 

with |34(25,77)| < Ce- 2 «|77|, and 

I M 33 -jjfj- dx = p(l + 77) P £ / (9 S 102 - 0xt«l) 
J — 00 •/ —00 

/CO 
Or, - 20 ™ p da; + ff5 (2£, £, 77) = ff6 (2£, £, 77) 
- CO 

with \gs{2t y i,n)\ < C(e- 2 «(|r,| + |£|) + |C||r,|). 
Combining the previous estimates for Mi, M2, M3 we obtain 

/00 p -1 /• CO 

da; = -p (77 - ^-^77) / da; 

+ e _2S ^(p — 1) ^ e x w p dx + p J e x w p dx^j 
where 

1% (5, £, 17, < C( e" 2 « ( e" 2 ^ + M + |£| + |r?| ) + |r?| ( |£| + M + \r,\ ) ) . (5.5) 
Let us now expand J M z 1 ~ p d x w 2 w 2 ~ t ^ :E - Similarly as before, analyzing term by term we obtain 

W P_1 f°° 7i) P_1 

Mid x w 2 ^ > _ 1 dx = p (1 + 7;) p / tuf~ Mic^li^ 2 -:l da; + 1Z 2 ($,,(,, 77,77) 

w p ~ 1 w' w(x — 2^) da; + TZ 2 (^, £, *7) ??) 

a;<2£ 

■00 

w^Ve* da; + TZ 2 (^, f , 77, 77) 



(5.4) 



/CO 
Tj/e* da; + U 2 {£,, j, r?, f)) 
- CO 
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where by 72-2 (C £, V) we have denoted various error terms that have the same behavior as in (5.5). 
Also, 

- r M 2 fUto^ = (1 + r?)* / ^".y ^- 1 d* 

J-oa ZP J WP l (x) 

Jo 





w p w'{y + 20 dy + 1Z 2 (Z,iv,v) 

■2€ 



where 72.2 (£, £, ?7, ?)) is the error term satisfying (5.5). 

Next, using that Jw'w p dx = and that (l - (^) P_1 ) < C(p)(l- § ), for x < £, and 1 - (§ ) p_1 < 1 
otherwise, we obtain 



/°° to? f 00 , w p ~ 

M 3 i d x W2^zr dx = (p- 1 ) r l ™ P ™' -rzzr dx + TZ 2 (i,^,V;ii) 
-oo 2 •/ — oc ^ 

= (p-l)r,f°° iQ"' 1 - l) ™'™ P + 17, »7), 

where 72-2 (C ?7, ?)) satisfies (5.5). Using again that J w'w p dx = 0, we obtain 

/oo u) p_1 /"°° 

M32<? a: ui2 — 2 — j- dx = p (1 + r)) p ~ rj ww'w p ~ dx 
-oo zP J — oo 

/oo 
w(x — 2£) •w'w p ^ 1 dx = 72-2 (C, f, ??> ??)■ 
- oo 

Finally, 

/. p— i /• 

/ Af 33 d x w 2 da; = p(l + r^" -1 £ / (u>'(a;) - u/(a; - 2£)) to' w p_1 dx 

= p£/ (w') 2 w p ~ 1 dx + TZ2(^i,v,v)- 



Combining the above estimates we conclude the bound 

nP- 1 



/OO )P~ f 00 

Md x w 2 ^ =T dx = -pi (w'fw^dx 
-oo 2 J — oc 

POO 

— e~ 2? / w p e~ x dx + ll2((;,i,ri,r]). 
Jo 



(5.6) 



Combining (5.4), (5.6) and (5.5) finishes the proof of the Lemma. □ 

As an immediate Corollary of the previous lemma we obtain: 

Corollary 5.1. Set Q(ip) := E(ip) — Mz 1 ^ p . With the same notation as in Lemma 5.1, equations 
(5.1) and (5.2) are equivalent to the system 

V - E ^ L V - a e- 2e = Hi (£, i ri, v) + Gi(V, £, V) (5.7) 

and 

i + b e- 2 « = TZ 2 (£, £ 17, 17) + G 2 (V>, £, T7) (5.8) 
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where 

Gi(i>,$,v) ■= cr 1 / Q(i>)w p (x + Odx 



and 

/oo 
Q(il>)w'(x + t)w>-\x + t) dx. 
- OO 

The error terms ^, 77, 77) satisfy 

\\MZ,iv,v)\\ltto^ C > forte {1,2}. 

Remark 5.1. If we look at the proof of Lemma 5.1 we can trace all the error terms we have denoted 
by £, n, fj). Observe that 

\dr,Ki\ + \d{Ri\ < Ce- 2i (e- 2 ^ + \i\ + \ V \ + \rj\ + 1) 
\dr,Ki\ + |^%| < C{e- 2i + \ v \) 

Our strategy in solving the system (5.7)-(5.8) is as follows: For any given £ := | log(2fe \t\) + h with 
II^IIi'ct* — 1j we wm ^ rs ^ fi na - a solution ?7(£) to (5.7) by the Fixed Point Theorem. The existence of 
(5> V) wm b e given by plugging r)(£) in (5.8) and applying the Fixed Point Theorem once more. 

5.2 Solving for r\ 

In this section we will fix a function h on (— oo,to] with < 1 and solve the equation 

V-^-V = F h (v,V,Tp), (5.10) 
P 

with 

F h ( V ,fi,^) :=ae- 2f + tti(£,£,ij,ij) + Gi(^,M) (5.11) 
and 7?.i(£, ^,rj,rj), Gi(i/j,h,n) are as in Corollary 5.1. Recall that for any given (h, rf) £ if, V' — ^(h, 7 !) 
is the solution of (2.14), which was proved in Proposition 4.1. For simplicity we will denote, most of 
the time, those functions as Fh, Ri and Gi respectively. 

Let A = A function n is a solution of equation (5.10) on (-co, to] if 

A(v)(t) :=- f° e x(t - s >F h (r,(s),ri( S ),iP(s))d8 (5.12) 
satisfies A(rj) = r\. We have the following result. 

Proposition 5.2. For any fixed h £ K there is an rj — rj(h) £ K so that A{rf) = n. Moreover, for any 
h\,hi £ K , we have 

ll^-^llwo^Gitor 5 ^ 1 -^!!?;^ 1 ( 5 - 13 ) 

where to < and C are universal constants and S > is a small constant depending on [i and v . 
Proof. Let A be the operator defined by (5.12). 

(a) There exist a universal constant to < 0, so that K is invariant under A, namely A(K) C K . 
We will first show that for a = n + 2 and |to| sufficiently large, we have 

sup |t| \A(r,)\ < C\\F h \\i t0 < C\\F h \\i it0 . (5.14) 

T<t„ 
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Indeed, if to < — 1 then for t < to, 

[*(>—'"] fT+j + l 



r\\A( V )\<Ce XT \r\ ]T f ' e^* \F h (a)\ ds 

[to-'] -A(r +J ) 

<C||F fc ||J ito e^|r| £ 

3=0 1 J| 

< C \\F h \\i t0 e XT |r| T° ^ < C ||f h ||J >t0 



/-to e -As 

e l r l / ^TT ds - C 
Jt \ s \ 

for a uniform constant C. Denoting for simplicity by I T = [r, r + 1] and using (5.14), observe that 

IM»0llwo= su p M ll^WIU-ao + su p Mll4^)IU-(M <c]|F h ||^ t0 , (5.15) 

T<t -1 T<t -1 al 

where C is a uniform constant. Next we want to use the previous estimate to show that A(K) C K, 
for an appropriately chosen constant Co- By (5.11) we have 

\\F h \\l <t0 := sup |r||m|U„ (Jr) < sup \r\(a || e - 2 %. (M + + l|Gi|U<r ( / T )). 

T<i ~l r<t — 1 

Since £ = § log(26 |i|) + ft with < 1, we have |t|" ||ft|U°°(JO < !• Hence, for r < to - 1, 

I II -2£ I ^ a I — 2ft. 1 1 ^ a 

arllle I|l-(/ t ) < 25 ll e IU«=(J" T ) < •g- 
provided that \to\ is chosen sufficiently large so that ||e _ < 2. Set 

Co := ^, (5.16) 

where C is the same constant as in (5.15) and constants a and b are defined in (5.3). This implies Co 
is a universal constant depending only on the dimension n. We claim that 

\\F h \\i, t0 <^-+C\to\-\ <5>0. (5.17) 
To show this claim, we recall that by Corollary 5.1 we have 

sup \t\ \\R,i\\ l , {It) < C*|toP 

7-<t -l 

so we only need to show that 

sup |T|iiGiiu„ (jT) <<7|t r 5 , 

T<* -1 

for some 8 > 0. To this end, we recall that 

\\Gi\\ L -<,i r ) = (^ T+i Q{i>)vf 2 d^j dxY 

where Q(ip) := £(V>) - z 1_p M is given in (2.6). To establish the above bound, we estimate term by 
term similarly as in the proof of Lemma 4.2. For example, for the term z x ~ v N\$ which is given in 
(4.13) and satisfies the estimate (4.15), if we also use that u>2 < z, we have 

\J U Nl3 ^ dx ) dt ) - C \J [J WO^I + iei + WMK -1 **) dt ) 
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Recalling that 2/3 = p — 1 and using the bounds || VHIi 00 (six [t.t+i]) < M "llV'll^^.o-.to < 1, tug < z 
together with Holder's inequality we obtain 

T+1 / r°° „,? \ CT / /" r + 1 / r „_s£ ^ 1/<T 

V'l IV'tl z 

x\>i 

1/a 



Nl3 ^T dx ) dt ) I \ I MHt\z~^~ " dx\ dt 



+ c 



£ +1 (j^ \4,\\4, t \z 2p+B ™2 B d^j dt\ +C\t\ 



r>r + l roo \ 1 / <7 

<C{I / \^ t \ a arT dxdt) (\t\- v + \t\- v+B )+C\t\-' 1 - 1/ 



<C\r\- 2v+B < C^- 1 - 8 

for some 8 > and sufficiently small 9. Similar bounds hold for all the other terms which readily give 
the bound for ||Gi ||i<r(j T ). 

The above discussion establishes the bound (5.17). Using this bound, we finally obtain 

\\A(v)\\ia,to < o\m\i,to < y +c w s ^l Co< Co 

provided that \to\ is sufficiently large. We conclude that A(K) C K, where Co is the universal constant 
on the right hand side of (5.17), finishing the proof of (a). 

(b) There exists a universal constant to < 0, for which A: K — > K defines a contraction map. 

Since h is fixed, we only write in Fh,lZi and Gi their dependence on ip and r\. As in part (a), for 
every n 1 ,rf £ K, if ip 1 — ^(h,n x ), we have 



*o 



WMV 1 ) ~ A(v 2 )\\l a ,t ^CWF^^'^^-F^v 2 ^ 2 ,^ 2 )] 



(5.18) 



Observe first, using (5.9) that 



rv rv 
/ d v TZi(n,t ! 1 )dri + / di{H{n 2 , if) dr\ 

< C f jT e - 2 « (e~ 2 ^ + \i\ + \rj\ + \fi\ + 1) d V + (e- 2 « + \n 2 \) dr^J 

implying that 

\\nxiv\v 1 ) -n^v 2 ^ 2 )^ < ^ Wv 1 - v 2 \\l*,t - (5.19) 

Furthermore, we claim, 

IIG!^ 1 ,^ 1 )-^^ 2 ,^ 2 )!!^ < ||G 1 (7 7 1 ,^ 1 )-G 1 (7 7 2 ,^ 1 )||i, t0 + ||Gi(r ? 2 ,V 1 )-Gi(r ? 2 ,^ 2 )||^ 
where 

UGifa 1 ^ 1 ) - G.iv 2 ^ 1 )^ <C\t \- 2v+e Wv'-ifWl^o (5.20) 

and 

HGx^ 2 ,^) - G^ 2 ,^ 2 )^ < Gltol 1 " 2 ^ 9 !^ 1 - ^li:, 2 , CT , t0 < C\t \- 2 » +B U - v 2 \\la,t - (5-21) 

To establish (5.20), as in part (a) let us look at the term coming from z x ~ v Nrs(ip)- Using the estimate 
of this term obtained in the proof of Lemma 4.6 and a similar analysis as in part (a), we obtain 

jupjrl QT +1 (| (iY 13 (^)(^)_iV 13W 1 )( 7? 2 ))-g r ^y d t y ^Gltor^hWllUo, 
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where we used that \\X,2at < 1 an d that (h,r)i) G K. All other terms in (5.20) can be estimated 
similarly so the estimate (5.20) follows. To establish (5.21) one argues similarly as above using the 
established bounds in the proof of Lemma 4.4 and in (4.6). Recall that v > 1/2 and 9 > is small. 
Then combining (5.18)- (5.21) and taking \to\ sufficiently large yields to the contraction bound 

ll^V^llUo^hWllUo- (5-22) 

This finishes the proof of part (b). 

Having (a) and (b), we may apply the Fixed Point Theorem to the operator A : K — > K to 
conclude the existence of an r\ — rj(h) G K so that A(rj) — n. 

(c) For any h\,h,2 G K, (5.13) holds. 

Since A{rf) = rj, we have ri(h) = f*° e x< - t ~ s ' ) Fh(s) ds. Hence, similarly as in the proof of (5.14), 

sup \rMli 1 ) - r,(h 2 )\ <C\\F hl -F h2 \\i ta < C \\F hl - F h2 \\i, to 

T<t -1 

which yields 

h{h 1 )- n {h 2 )\\\^ ta <C\\F hl -F h2 t,t - (5-23) 
Recall that F h = ae~ 2i + Ki (f, £, 77, r)) + Gi(ip,h,r)) and f = £ + h with f (*) = §log(26|t|) and \h\ 
small. Applying that to h 1 and h 2 we get 



^(jo+h 1 ) _ -2(e +/ l 2 ),|i 



\\l. t0 <C sup ( f T+1 Ih 1 - h 2 r dt) f <\to\- lt \\h 1 -h a \\H, t 

T<t Q -l \Jt J 



Next, using (5.9) and the notation rf = r?(^) = r)(C), where f = \ log(2b \t\) + h\ we have 

ll^i(| 1 >€ 1 .»7 1 > '7 1 ) - ^i(^ 2 »i 2 >»? 2 »'7 2 )l|Jr,i 

< c 11 /* a fe^\i7\'7 i )K+ r&? 2 ,^w)K 

\^-^ 2 ^ 2 > r ',V 1 )\dri + \^(Z 2 ,£\v 2 ,V)\df)\\l >to 

< c {M^Wh 1 - h 2 \\^ to + Itop 1 !^ 1 - h 2 \d + itoT 1 !!^ 1 - 77 2 ||i, t0 + ifor 1 ^ 1 - v 2 t,t ) 
< cifor'fllA 1 - ft 2 ll'i,^ + hO* 1 ) - v(h 2 )\\l„, t0 ) 

if S < min{l,/^}. Finally, similarly to the estimates obtained in the proof of Proposition 5.2 and 
Lemma 4.6, if we denote for simplicity tp l = ^(h 1 ,^ 1 ) with rf = ^(h 1 ), using (5.20) and (5.21) we have 

,2 ,2 2\||1 



Hd {i>\h\rf) - G x {if, h 2 , r, 2 )^ < HGi^ 1 , h\ 77 1 ) - G^\ h 2 , r? 1 )^ 

+ HGi^./i 2 ,?? 1 ) - Gi(Tp\h 2 ,r, 2 )\\l,t + ||Gi(tf\fc 3 ,fj a ) - Gi^ 2 ,/! 2 ,^ 2 )!! 1 



cr,t 



< Gdtol 1 - 2 -^^ 1 - h 2 \\^ + Itol^lh 1 - r, 2 ||i, CTit0 

+ ifei'-^'OivCA 1 , ^)) - v>(^ 2 , ^ 1 ))ii:, 2 , CT , t0 + nv^ 2 , ^)) - i>(h 2 ,r,(h 2 ))\\: M )) 

< c (itol 1 - 2 — + " lift 1 - ft 2 ||^ M + M- V+0 \W - ^ 2 ||i, CT , t0 ) 

where we have used (4.5) and (4.6). For the above estimate we only need to check that 

\\G 1 ^\h 1 , v 1 )-G 1 (i, 1 ,h 2 ,r l 1 )\\l, t0 <qto| 1 - 2 "-' 1+9 ||fe 1 -fe 2 ||l';^ M - 
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Indeed, if we pick the term z 1 p Ni 3 , using the estimates from the proof of Lemma 4.6 we have 

l/o 

sup|r|(/ (/ \N ri (4 ! 1 , V 1 )(h 1 )~N 13 ^\ V 1 )(h')\w p 2 z 1 - p dx) dt 



T<t 



< C 



— oo 



/ rr-\-l / roo \ cr \ l/o 

supm / / i^iift 1 -^i(i^i + ivi(icii + i6i + i'7i))™r 1 ^ dt) 

T<t \J T \J-00 J J 



Combining the estimates from above yields to 

\\F hl - F h2 \\i t(> < C (M^Wh 1 - h 2 \\»;lX + \M-" +e \W - ^llUo) . 

where 5 < min{l, fx, 1 — 2v — fj, + Hence by (5.23) and choosing |to| sufficiently large we conclude 
the bound (5.13), finishing the proof of (c). □ 

5.3 Solving for £ 

Recall that £(i) = £o(t) + h(t), £o(t) = i log(26 \t\). Moreover, £o(t) is a solution to the homogeneous 
part of equation (5.8), namely 

io + be~ 2 ^ =0. 

Using this last equation, we may rewrite the equation (5.8) the following way 

h+-h = F(h) (5.24) 

where 

F{h) := G 3 (h) + 1 V, n) + G 2 (ip, h, rj) 

with G2(^/>, h, rf) as in Corollary 5.1 and 

G 3 (h) ~-(g(£ + h)-g(z )-Vtg(t )h), g(t) = e~ 2i - (5.25) 

Equivalently, the left hand side of (5.24) is the linearization of equation (5.8) around £o- Recall also 
that rj = r)(h) is obtained by solving (5.7), and therefore ij) = ip(h,r)(h)). Let 

K = {h : (-oo,* ]^K| \\h\\ft%<l}. 

For any function h £ Ko 

B{h){t) := |t| -2 J ° s 2 F(h)(s) ds (5.26) 

defines a solution of equation (5.24) on (— oo,to] with right hand side F(h) — F(4)(h,r/(h)),h,ri(h)). 
Our goal is to prove the following Proposition. 

Proposition 5.3. There exists a universal constant to < and function h with \\h\\i'£^ < 1 so that 
B(h) = h. 

Proof. We will show that the map B leaves the sets invariant and that it is a contraction. 

(a) There exists a universal constant to < 0, so that B(Ko) C Ko- 
It is easy to see that if to < and a > 2 we have 

sup \TnB(h)(T)\<C\\F{h)\\%£ (5-27) 

r<t -l 

for a universal constant C. Denote by I T = [r, r + 1]. Using (5.27), we observe that 

\\B(hW;^ = sup |Tn|B(h)IU-{z.)+ sup | r | 1 +"||ls(/ l )|| iCT(7T) 

r<t -i r<t -i at (5.28) 

<C\\F(h)tX- 
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We will use this estimate to show that B(Ko) C Ko- We have 
\\F{h)f+r a = sup |t| 1+ 1_F(A)IU^) <C sup | r | 1 +^(||^ 2 || iCT(/T) + ||G 2 || L . (/T) + ||G 3 || L .( /T) ). 

T<to — 1 T<t — 1 

A straightforward computation, recalling (5.25), shows that 

\\Gs(h)\\ L , iIr) <^\\h 2 \\ L , (lT) 

implying (since \\h\\^ < 1) the bound 

sup |t| 1+,, ||G 8 (A)|U. {Jt) < (5.29) 
T<* -i For 

By Corollary 5.1 we have 

sup \ t \^\\TZ 2 \\ l , (It) <-^— (5.30) 

where we choose so that /i < 7. To establish the bound on sup T<tf) \t\ 1+>1 \\G2{h)\\ l& ( i T ) , we estimate 
term by term, similarly to the proof of Lemma 4.2. Similarly to deriving the estimate for the term Gi 
in section 5.2 we have 

\\G2\\ L « {1t) <C\t\- 2v+0 

implying 

\\G2tX < C\t\- 2 " +B+1+ » 

where we choose /1 < min{7, 2v—l} and 9 > is chosen small so that 2v — 9 — 1 — /1 > 0. This together 
with (5.29) and (5.30) imply 

\\B(h)\\^<\\F(h)\\l^<-^j, 



where 8 = min{/i, J—fi, 2v — 9~\ — [i\. We conclude that for |£o| sufficiently large we have B(Ko) C K$. 

(b) There exists a universal constant to < for which the map B : Ko — > Ko defines a contraction 
map. 

Observe that similarly as in part (a) we have 

\\Bih 1 ) - B(h 2 )\\^ < C \\F{h}) - F{h 2 )t% (5.31) 
An easy computation (the same as in part (a)) shows that 

\Gsih 1 ) - G 3 (h 2 )\ < j^h 1 -h 2 \ 2 + {\h 1 \ + \h 2 \)\h 1 -h 2 \) 



implying that 



IIGa^ 1 ) - G s (h 2 )\\l^ < JL- Hft 1 - h 2 \\^iy a . 



\t a \ 

Let £ l = £0 + h l and recall the notation rf = »?(£ l ). Then, similar to a discussion in part (c) of the 
proof of Proposition 5.2, we have 

ll^^ 1 ,? 1 ,^ 1 ),^ 1 ))-^^ 2 ,^ 2 ,^ 2 ),^ 2 ))!!^ 

< Cltor'iWh 1 - h 2 \\^ + Mh 1 ) - v(h 2 )\\UJ (5-32) 

< C\to\~ s \\h} - h 2 \\f> 1+ >* 



where in the last line we have used (5.13) where 8 < min{l, /u, 1 — 2v — /j, + 9}. Furthermore, similar 
to deriving (5.13) in part (c) of the proof of Proposition 5.2, we get 

||G 2 (^\/ l \ 77 1 )-G 2 (^ 2 ,ft 2 , 77 2 )||^<C|ior 2 ^||/ l 1 -ft 2 ||^ M - 
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Using (5.31), the definition of F(h) and the estimates above, if we choose |io| sufficiently large, we 
obtain the bound 

which finishes the proof of part (b). 

By the fixed point theorem applied to the operator B, there exists an ft £ Ko so that B(h) = h, or 
in other words, h solves (5.24). This concludes the proof of the Proposition. □ 

We conclude section 5 by the proof of Proposition 5.1. 

Proof of Proposition 5.1. By Proposition 5.2, for every h £ K, there exists an r/ — rj(h) so that (5.1) 
is satisfied. By Proposition 5.3, if we take r\ = r\{Ji), there exists an h, so that [Iftlli'^tn — ^ an< ^ (5-2) 
holds. Take this pair of functions (h,rf) £ K, for which both (5.1) and (5.2) are satisfied. Then by 
Proposition 4.1 there is a solution tp — ^f{h,rf) of (2.5), satisfying the orthogonality conditions (3.5) 
and (3.6). This finishes the proof of Proposition 5.1. □ 



6 Properties of the solution 



Unlike the contracting spheres (1.4) and the King solution (1.5) to the Yamabe flow (1.1) which are both 
Type I ancient solutions with positive Ricci curvature, the solution that we construct in Theorem 1.1 
is of Type II and its Ricci curvature changes its sign. More precisely we have the following Proposition. 

Proposition 6.1. The solution constructed in Theorem 1.1 is a Type II ancient solution in the sense 
of Definition 1.1. Its Ricci curvature changes its sign. 

Proof. We recall that under the conformal change of the metric g = e 2S g a „ , the Ricci tensor changes 
as follows 

RlJ = _(„ _ 2 )(/y - fi fj) + (A/ - (re- 2)\Vf\ 2 )S tJ . 

In particular, if / is a radially symmetric function and we denote by flu the Ricci tensor in the radial 
direction and by Rjj , with j > 2 the Ricci tensor in the spherical direction, then 

All = — (n — 3) f rr + - f r 



and for j > 2, 

Rjj = frr + 1 fr - (n-2)fr 



n - 1 „ , „ 2 



Observe that Rij = for i 7^ j. We will next express flu with respect to our conformal factor u(x,t), 
expressed in cylindrical coordinates. Let u(x,t) be the solution of (1.7) constructed in Theorem 1.1. 
Recall that u(x, i) represents the conformal factor of the rescaled flow in cylindrical coordinates. Using 
the change of variables 

2 

f(r) = ^ogu{x,r) - x, r = e x 

71 — 2 

we find that R11 (the Ricci curvature of the rescaled metric in the radial direction) in terms of u is 
given by 

(re — 2) 2 u 2 — (n — 3) u 2 x + u [(n — 3) u xx — 2(n — 2) u x ] 

The Ricci curvature changes its sign: We will show that Rn changes sign. Note that the sign of flu 
is determined by the sign of 

Q := — ( (n — 2) 2 u 2 — (n — 3) u 2 + u [(n — 3) u xx — 2(n — 2) u x ] ) . 

Recall that our solution u is given by 



u — (l + rj)z + tp = z + ip, ip := n z + tp . 
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Let Q := Qi + Q2, where 

Qi := (n — 3) z 2 — (n — 2) 2 z 2 — z [(n — 3)z xx — 2(n — 2)z x ] 

and Q2 is the error term that is a linear combination of ?/> 2 , ip x z x , ip 2 , %pz, ipip xx , 4> z xx , ip z x , %j) xx z. 
An easy computation shows that for r < to — 1, 

[ + [ QiZ^dxdt ^ttt<0, asr-^-oo. (6.1) 

Jt J -1 t| — 2~ 

Hence, it will be sufficient to show that 

»t+1 /•! 



y y Q 2 2 p " 1 rfa:di = o(|rr = ) 



as t — ^ —00. 



Let us check that that is the case for some of the terms that enter in the expression for Qi- All the 
other terms can be checked similarly. To simplify the notation set R T := [—1, 1] x [r, r + 1]. Using the 
energy estimate (3.23) and the fact that z p ~ x < C|r| _ ' p_1 ^ 2 on R T we obtain the bound 



f +i, 2 x )z p - 1 dxdt< IrpV ((WvWL.to) 2 f[ z 2 dxdt+ ff (tf+^Ddxdt 

R T \ J J R T J J R T 



(6.2) 



£=± 1-2,1 I -21/ \ ,_fi±l 



< \t\-— (H^ + !r|-^) <C|t| 
and also 

yy i>i> xx z v ~ x dx dt 

<C\t\-^ (^(\\v\\L,t ) 2 JJ r z 2 dxdt+ Ml°,ta ( *V»«r+V'*»<*=*) (6.3) 

+ // i;ip xx z p - 1 dxdt<C\T\- E ^- v + [[ xl)ij) xx z p - 1 dxdt. 
JJr t J J r t 

For the last term in (6.3), using the energy estimates (3.23) again we have 

1/2 / - r \ 1/2 



jj it>^> xx z p 1 dxdt< (^JJ i> 2 z p 1 dxdt^j i^ff ^ xzP 1 dxdt^j 
<C||^|U~(A T )|rr^ (^jj^ ipLdxdtj ' <C\t\ 



(6.4) 



We see that (p — f)/2 + 2v > (p + l)/2 is equivalent to 2v > 1, which is true. Using (3.23) we have 

^ xx z p dxdt <C*|M|L t0 ]rr (p+1)/2 + // i> xx z p dxdt 
Rr JJRr (6.5) 

p + 3 p 

<C(\T\—r + \t\-i- v ) 
Combining (6.1), (6.2), (6.3), (6.4), (6.5) yields 

Q/" 1 dxdt < -C(n) \t\~ E ^ l 



'Rt 

if r is sufficiently close to —00. Hence Tin has to be negative somewhere on R T , if r is sufficiently 
close to —00. On the other hand, since the scalar curvature R of our ancient metric is positive, the 
Ricci curvature must be positive somewhere. The conclusion is that the Ricci curvature of our ancient 
solution changes its sign all the way to t — > —00. 

The solution is of Type II: We observe that our rescaled ancient solution is of Type II if 

lim sup |Rm|(-, t) — +00 

t — >- — 00 
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Hence, it will be sufficient to show that 



lim sup |Ric| (•, t) — +00. 

t— 00 



(6.6) 



Since, as we have noticed above, the Ricci curvature of our radially symmetric solution is diagonal, we 
have, 

\Bic\ 2 = RUg 11 ) 2 + Y l RW i ) 2 - 

i>2 

1 1 4 

Look at the Rug = Rn u ™- 2 , which is, 



Rug 1 



(n — 3)u x — (n — 2) 2 u 2 — u [{n — 3)u xx — 2(n — 2)u x 



As in part (a), write u = z + ■ip. Since ||^>||.l°o(a t ) < C| r l an( i z ^ C \r\ 1 ^ 2 , on R T , we have 
z/2 < u < 2z on R T . Let us write 

-Rllff 11 = Jl + J'l; 

where the term J 1 we obtain from Rug , after replacing u by z, and J2 is the difference of those two 
terms. An easy computation shows that 



Ji z p dx dt 



Br 



C\T\—2 



z p 1 dx dt ~ C, 



(6.7) 



Fir 



Using the energy estimate (3.23), the fact that z ~ \r\ on R T , very similar estimates to those in 
part (a) show that 

J 2 z p - 1 dxdt < C\r\- q , (6.8) 



II, 



for some q > 0. Combining (6.7) and (6.8) we see that 

Rug 11 z v ~ x dx dt 



ifilr 



> C> 0, 



for all r sufficiently close to -00. Since z"- 1 ~ | r |- 2 /("- 2 ) on R T , the last estimate implies there exists 
a uniform constant 8 > so that for every r < to, with to sufficiently close to —00, there exists an 
(x t ,t) £ R T , so that 

Rug^ix^r) > S\t\^-. 

We conclude that (6.6) holds and our solution is of Type II. □ 

We conclude this section with a final remark on our shape of our solution, as t — > — 00. 

Remark 6.1. The ancient solution u(x, t) constructed in Theorem 1.1 looks like a tower of two bubbles 
as t — > —00. 

More precisely, for any S £ (0, 1) it is easy to check that we have the following: 

(a) For x < £(t) (1 — 5) we have \u(x, t) — w(x + ^(t))\ < C \t\~ 6 ^ 2 , which means that in this considered 
region we are close to one of the spheres (bubbles) . 

(b) For x > — £(t) (1 — 8) we have \u(x,t) — w(x — £(t))| < C\t\- S/2 , which means that in this 
considered region we are close to the other sphere (bubble). 

(c) For any Xi,X2 € [—£(*) (1 — <5),£(t)(l — 8)] and any two corresponding points pi,p2 £ R", whose 
radial variables correspond to x±,X2 in cylindrical coordinates, respectively, we have that the 

dist 9{t) (pi,p 2 ) <C\t\-& log |t| 

which means that in the region where the two spheres interfere we have a short and narrow neck 
connecting the two bubbles and as t — s> — 00 this neck becomes shorter and narrower. We denoted 
by g(-) the rescaled metric. 
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To check (c) observe that 

dist fl(t) (pi,p 2 ) < / (w(x-t(t)) + w(x + £(t)) + iP(x,t))™-2 dx 

i-5(t)(l-4) 

<c(\t\- s ^ + \trf (n - 2) iog|t|<c|t|-^ io g |*|. 

We finish the paper with the proof of the main Theorem 1.1, which we restate below. 

Theorem 6.1. Let p := (n + 2)/(n — 2) with n > 3. There exists a constant to = to(n) and a 
radially symmetric solution u(x,t) to (1.7) defined on R x (— oo,to], of the form (1.11)-(1.12), where 
the functions ip := ip(x,t), £ := | log(26 \t\) +h(t) and n := n(t) satisfy \\4>\\* : 2,cr,t < oo, H^lli^"^ < oo 
and ||??]|i' CT t < oo (according to the Definitions 2.6 and 2.7). The constants o,p,,v and b are all 
positive and depend only on the dimension n. 

It follows that the solution u defines a radially symmetric ancient solution to the Yamabe flow (1.1) 
on S n which is of type II (in the sense of Definition 1.1) and its Ricci curvature changes its sign. 

Proof. Proposition 5.1 gives us, for |io| sufficiently large, the existence of a radially symmetric solution 
ip to (2.5) on R x (— oo,to], which is equivalent to the existence of a radially symmetric solution u to 
(1.7), defined on K x (— oo,to]- This finishes the proof of the first part, that is, the existence part of 
Theorem 1.1. Furthermore, by Proposition 6.1 our constructed solution is a Type II ancient solution 
to the Yamabe flow, with the Ricci curvature that changes its sign. □ 
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